ADELIC DIVISORS ON ARITHMETIC VARIETIES 
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Abstract. In this article, we generalize several fundamental results for arithmetic divi- 
sors, such as the continuity of the volume function, the generalized Hodge index the- 
orem, Fujita's approximation theorem for arithmetic divisors and Zariski decomposi- 
tions for arithmetic divisors on arithmetic surfaces, to the case of the adelic arithmetic 
divisors. 



Contents 

Introduction 1 

1. Preliminaries 7 

2. Adelic M-Cartier divisors over a discrete valuation field 16 

3. Local and global density theorems 29 

4. Adelic arithmetic M-Cartier divisors 33 

5. Continuity of the volume function 46 

6. Zariski decompositions of adelic arithmetic divisors on arithmetic surfaces 56 

7. Characterization of nef adelic arithmetic divisors on arithmetic surfaces 67 
Appendix A. Characterization of relatively nef Cartier divisors 75 
References 83 
Index 85 



Introduction 

The theory of birational Arakelov geometry has advanced tremendously over the last 
decade, such as the continuity of the volume function, the generalized Hodge index 
theorem, Fujita's approximation theorem for arithmetic divisors, Zariski decomposi- 
tions for arithmetic divisors on arithmetic surfaces and so on. Besides them, non- 
Archimedean Arakelov geometry is also well-developed using Berkovich analytic spaces. 
In this article, we would like to generalize the fundamental results for arithmetic divi- 
sors to the case of adelic arithmetic divisors. 

0.1. Birational Arakelov geometry. Let X be a (d+l)-dimensional, generically smooth, 
projective, normal arithmetic variety, that is, X is a projective and flat normal integral 
scheme over Z such that X is smooth over Q and the Krull dimension of X is d + 1. A 
pair @ = (®, goo) is called an arithmetic^ -Cartier divisor of C Q -type on X if the follow- 
ing conditions are satisfied: 

(i) The first ® is an M-Cartier divisor on X , that is, 3> — a\Q)\ H h a r 9) r for some 

Cartier divisors ®i , . . . , ® r on X and a\, . . . , a r £ M. 
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(ii) The second g^ is a real valued continuous function on [X \ Supp(®))(C) such 
that, for each x e X{C), + X/=i a * 1°8 1/* I 2 extends to a continuous function 
around x, where f\,...,f r are local equations of %, . . . , 9) r at x, respectively. In 
addition, g^ is invariant under the complex conjugation map. 

Let Rat(X) be the rational function field of X. We define H\X, &) to be 

H°{X, 9) := {0 e Rat(5;) x | 2> + (0) > 0} U {0}. 

Note that H°{X, 9) is a finitely generated Z-module. For e @), we can see that 

|0| exp(-goo/2) extends to a continuous function # on X(C), so that 

sup{#(x)|xe X(C)} 
is denoted by ||0 || goo . The volume vol(®) of 9, by definition, is given by 

log#{0€tf°(^,tt@)|||0|U goo <l} 



vol(®) :=limsup- 



n d+1 /(d + l)! 



It is known that the volume function vol has the following fundamental properties (for 
details, see [26]): 

(1) (Finiteness) voi(@) < oo ([22], [23]). 

(2) (Limit theorem) vol(@) = lim l - — — - >- ([7], [23]). 

n^oo n d+l /(d + 1)! 

(3) (Positive homogeneity) vol(a@) = a d+1 \o\{9) for a e R> ([22], [23]). 

(4) (Continuity) The volume function vol is continuous in the following sense: Let 
3>i, . . . , 9 r , j4\,..., j4 s be arithmetic R-Cartier divisors of C°-type on X. For a 
compact subset B in R r and a positive number e, there are positive numbers 5 
and 5' such that 

f r . \ 



vol 



^ a&i +^ 5;^; +(0,0) -volf^a^i 

;=1 J V i=l 



<e 



V !=1 

for all d I, . . . y CI r f 5i,...,5 s eMand0eC°(X)with(ai,...,a r )eB, +|5 S |< 
5and||0|| sup <5'([22], [23]). 

Here we would like to introduce several kinds of the positivity of an arithmetic R- 
Cartier divisor 9 of C°-type on X . 

• Big: vol{9) > 0. 

• Relatively nef: the first Chern current Ci{9) is positive and 9) is relatively nef 
with respect to X — » Spec(Z), that is, deg( 9\ c ) > for all vertical 1-dimensional 
closed integral subschemes C of X. 

• Nef: 9 is relatively nef and deg(®| c ) > for all horizontal 1-dimensional closed 
integral subschemes CofX. 

In addition, 9 is said to be integrable if 9 = 9 - 9) for some relatively nef arithmetic 
R-Cartier divisors 9 and 9 of C°-type. For integrable arithmetic R-Cartier divisors 
9\,...,9d+i of C°-type, the arithmetic intersection number deg {9\ ••• 9d+\) is well- 
defined (cf. [26, Subsection 6.4], [27, Subsection 2.1]). The following fundamental re- 
sults were obtained by several authors such as Faltings, Gillet-Soule, S. Zhang, Mori- 
waki, H. Chen, X. Yuan and so on: 
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(5) 



(Generalized Hodge index theorem) If 9) is relatively nef, then 

deg(® d+1 )<vol(®). 



Moreover, if® is nef, then deg(S» ) = vol(S>) ([9], [10], [33], [22], [26]). 
(6) (Fujita's approximation theorem for arithmetic divisors) If ® is big, then, for 
any positive number e, there are a birational morphism \x : <ty — > X of gener- 
ically smooth, normal and projective arithmetic varieties and a nef arithmetic 
M-Cartier divisor ~M of C°-type on <W such that 



([7], [31], [24]). 

(7) (Zariski decompositions for arithmetic divisors on arithmetic surfaces) We as- 
sume that d = 1 and X is regular. Let T(&) be the set of all nef arithmetic 
M-Cartier divisorsjf of C^-type on ^ withjf < SUf T(@) # 0, then there is the 
greatest element ~£ of T(@), that is, J" e T(®) and l£ < H for all l£ e T(®) ( [26] , 
[28]). 

The purpose of this article is to generalize the above results to adelic arithmetic divi- 
sors. 

0.2. Green functions on analytic spaces over a compete discrete valuation field. Let 

k be a field and v a non-trivial complete discrete valuation of k. Let X be a projective 
and geometrically integral variety over k. Let X an be the analytification of X in the sense 
of Berkovich [2]. Note that X an is a compact Hausdorff space. Let Rat(X) be the rational 

function field of X. Let D be an M-Cartier divisor on X, that is, D = aiDH \-a r D r for 

some Cartier divisors D lt ...,D r on X and d\i . . . f Cl r e M. Let X = [J. =1 Ui be an affine 
open covering of X such that each Dj is given by fj t e Rat(X) x on [/, for j = 1, . . . , r. We 
say a continuous function 



is a D -Green function ofC°-type onX an if g + X/=i a ; logl/j/l 2 extends to a continuous 
function on [/?" for each i = 1, . . . , N. 

Let ST be a model of X over Spec(fc°), that is, X is a projective and flat integral 
scheme over Spec(/c°) such that the generic fiber ofX^> Spec(fc°) is X, where 



We assume that there are Cartier divisors ®i,...,® r on X such that Qij fll = Dj for 

;' = 1,..., r. We set S> := H ha r @> r . The pair {X,9) is called a mode/ of{X,D). 

For i£P"\ [J ; r =1 Supp(D ; ) an , let /i, . . . ,/ r be local equations of © 1( . . . , Qs r at £ = (x), 
respectively, where : X an — » $T is the reduction map and X a is the central fiber of 
X — » Spec(/c°). We define g(,r,g))M to be 



It is easy to see that g(,« ,@) is a D-Green function of C°-type on X an . We call it the Green 
function induced by the model [X , @). 

We say a D-Green function g is of \C° nVSH)-type if D is nef and there is a sequence 
{(^"„, ®n)}^ =1 of models of (X, D) with the following properties: 



^</i*(®) and vol(®)-e<vol(^)<vol(®) 




fc°:={/efc | !/(/)<!}. 
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(i) For each n > 1, @ n is relatively nef with respect to 3T„ — » Spec(fc°). 

(ii) If we set <p„ = g ( ,«„,@„) - g> then lim,^ \\(p n || sup = 0. 

0.3. Adelic arithmetic divisors. Let X" be a number field and K the ring of integers in 
K. We denote the set of all maximal ideals of K by M K . For P e Mjf, the valuation i/p 
of .K" at P is given by 

^(/)=#(o Jf /P)-° rdH/) . 

Let K P be the completion of K with respect to v P . Let X be a d -dimensional, projec- 
tive, smooth and geometrically integral variety over K and let X P := X x Spec ( K )Spec{K P ), 
which is also a projective, smooth and geometrically integral variety over K P . Let X{C) 
be the set of all C-valued points of X, that is, 

X{C) :— {x : Spec(C) — > X | x is a morphism as schemes} . 

Let : X(C) — » X(C) be the complex conjugation map, that is, for x e X(C), F^x) is 

given by the composition of morphisms Spec(C) — » Spec(C) and Spec(C) — » X, where 

Spec(C) — > Spec(C) is the morphism induced by the complex conjugation. The space 
of Foo-invariant real valued continuous functions on X{C) is denoted by C° Foo {X{C)), that 
is, 

C°JX(Q) := {if e C°(X(Q) \ip°F 00 = ip}. 
A pair D = (D, g) of an M-Cartier divisor DonX and a collection of Green functions 

g = {gp}peM K [J {goo} 

is called an adelic arithmetic R-Cartier divisor of C°- type on X if the following condi- 
tions are satisfied: 

(1) For each P e M K , g P is a D-Green function of C°-type on Xf 1 . In addition, there 
are a non-empty open set U of Spec{0 K ), a normal model % u of X over U and an 
M-Cartier divisor ® y on SCu such that @(/nl=D and g P is a D-Green function 
induced by the model (^V, ®[/) for all P e UnM K . 

(2) The function g^ is an F^-invariant D-Green function of C°-type on X(C). 

For simplicity a collection of Green functions g = {g P } Pe M K U {goo} is often expressed 
by the following symbol: 

g= X ^[ p ] + S r oo[oo]. 

We denote the space of all adelic arithmetic M-Cartier divisors of C°-type on X by 
Div*„(X) R . 

Let D = (D, g) be an adelic arithmetic M-Cartier divisor of C°-type on X. We define 
H°{X,D) to be 

H°{X, D) := {0 G Rat(X) x | D + (0 ) > 0} U {0}. 
For e D) and p € Mjf U {oo}, |0 1 exp(— g p /2) extends to a continuous function, 
so that its supremum is denoted by 1 1 \ \ gp . The set H°{X, D) of small sections of D and 
the volume vol(D) of D are defined by 

H°{X,D) := {0 e D) 1 1|0 || gp < 1 for all peM.U {oo}} , 

" ~ log#H°(X,nD) 
vol(D):=hmsup - 
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respectively. Similarly as given for arithmetic divisors, we can also introduce several 
kinds of the positivity of D as follows: 

• Big: vol(D) > 0. 

• Relatively nef: g P is of (C° nPSH)-type for all P e M K and the first Chern current 
Ci(Agoo) is positive. _ 

• Nef: D is relatively nef and the height function arising from D is non-negative. 

Further, D is said to be integrable if D = D — D for some relatively nef adelic arith- 
metic M-Cartier divisors D and D of C°-type on X. For integrable adelic arithmetic 
M-Cartier divisors D 1( . . . , D d+1 of C°-type on X, the arithmetic intersection number 

can be defined (cf. Subsection 4.5). 

0.4. Main results. Let X be a d -dimensional, projective, smooth and geometrically 
integral variety over a number field K. The following theorems are the main results 
of this article. Theorem 0.4.1, Theorem 0.4.2, Theorem 0.4.3 and Theorem 0.4.4 are 
generalizations of (4), (5), (6) and (7), respectively. The properties (1), (2) and (3) also 
hold for adelic arithmetic divisors (cf. Theorem 5.1.1). Several similar results on arith- 
metic toric varieties are known. For details, see [3] and [4]. The adelic version of Fujita's 
approximation theorem has been already established by Boucksom and Chen [5]. In 
this article, we give another proof of it and generalize it to M-divisors. Further, Theo- 
rem 0.4.5 is a generalization of the result proved in [28]. 

Theorem 0.4.1 (Continuity of the volume function for adelic arithmetic divisors). The 
volume function vol : Div c0 (X) K — > M is continuous in the following sense: LetD lt . ..,D r , 
Ai,...,A r > be adelic arithmetic R-Cartier divisors of C° -type on X. Let {P\,...,P S } be a 
finite subset ofM K . For a compact subset B in R r and a positive number e, there are 
positive numbers 5 and 5' such that 

r r' f c *\ "\ f r 



vol 



<e 



^ i a i D i +^5 J Aj+ O.^^t^l + ^ootoo] -vol ^a/A 

yi=l j = \ \ 1 = 1 J J \i=l 

holds for all a i, . ..,a r ,6 1 ,...,5 r >eR,(p Pl e C°(X^ n ), ...,(p Ps <= C°{X™) and e C° F JX{Q) 
with (a 1 ,...,a r )GB, X) =1 \5j\<5 andYl i=x II</>p ; ILp + II Voollsup < 5'. 

Theorem 0.4.2 (Generalized Hodge index theorem for adelic arithmetic divisors). Let 
Dbea relatively nef adelic arithmeticR-Cartier divisor of C° -type on X. Then 

deg(D d+1 )<voi(D). 

Moreover, ifD is nef, thendeg{D d+1 ) = vo\{D). 

Theorem 0.4.3 (Fujita's approximation theorem for adelic arithmetic divisors). Let D 
be a big adelic arithmetic R-Cartier divisor ofC° - type on X. Then, for any positive num- 
ber e, there are a birational morphism p : Y — > X of smooth, projective and geometrically 
integral varieties over K and a nef adelic arithmeticR-Cartier divisor Q of C° -type on Y 
such thatQ < p*(5) andvol(D) -e< vol(Q) < vol(D). 



6 



ATSUSHI MORIWAKI 



Theorem 0.4.4 (Zariski decompositions for adelic arithmetic divisors on curves). We 
assumed = 1. LetD be an adelic arithmetic R- Carder divisor of C° -type on X. LetT{D) 
be the set of all nef adelic arithmetic R- Carder divisors L of C° -type on X with L<D. If 
Y(D) 7^ 0, then there is the greatest element Q ofT{D), that is, Q e T(D) and L<Q for all 
L € T(D). Moreover, the natural map H°{X, aQ) — > H°{X, aD) is bijectivefor a e R >0 . In 
particular, vol(Q) = vol(D). 

Theorem 0.4.5 (Numerical characterization of nef adelic arithmetic divisors on curves) . 
Weassumed = 1. LetD bean integrable adelic arithmeticR-Cartier divisor on X. Then 

D is nef if and only ifD is pseudo-effective and deg(D ) = vol(D). 
0.5. Conventions and terminology. 

0.5.1. For a topological space M, the set of all real valued continuous functions on M 
is denote by C°(M). Note that C°(M) forms an M-algebra. 

0.5.2. Let A; be a field and v a non-Archimedean valuation of k. We define k° and A; 00 
to be 



Note that k° is a valuation ring and k°° is its maximal ideal. If v is discrete and compete, 
then k° is excellent. 

0.5.3. Let M be a finitely generated Z-module and let || • || be a norm of M M := M ® z R. 
We define h°{M, \\ ■ ||) and j(M, || • ||) to be 



where B(M,||-||) is the unit ball with respect to ||-|| (i.e. B{M, \\ • ||) := {x e M R | ||x|| < 1}), 
M tor is the torsion subgroup of M and vol(M M /(M/M for )) is the volume of the funda- 
mental domain of M M /(M/M for ). 

0.5.4. Let S be a noetherian integral scheme. An integral scheme X over S is called a 
variety overS if X is flat, separated and of finite type over S. If S is given by Spec(Ojf ) (i.e. 
K is a number field and K is the ring of integers in K), then a variety over S is often 
called an arithmetic variety. 

0.5.5. Let S be a noetherian integral scheme and k the rational function field of S. Let 
X be a projective variety over k. A projective variety X over S is called a model ofX 
overS if the generic fiber of X — > S is X. Moreover, if X are normal (resp. regular), then 
X is called a normal model ofX over S (resp regular model ofX overS). Note that if 
X is normal (resp. regular), then X is also normal (resp. regular). We assume that S 
is an excellent Dedekind scheme, dimX = 1 and X is smooth over k. By [18], for any 
model X of X over S, there is a regular model X' of X over S together with a birational 
morphism^' ^5;. 



A;°: 



{x e k | v{x) < 1} and k 



{x e k | Kx)< 1}. 
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0.5.6. Let / : X — > S be a proper morphism of noetherian schemes. Let C be a curve 
on X, that is, a 1 -dimensional reduced and irreducible closed subscheme on X . The 
curve C is said to be vertical with respect to / : — > S if /(C) is a closed point of S. For 
i? e Pic($T)®K, we say if is relatively ne/with respect to / : 3f -» S if deg(i?| c ) > for 

all vertical curves C on ^T. Let ® be an R-Cartier divisor on X , that is, ® = H h 

a r ® r for some Cartier divisors ®i, . . . , @ r on and e R. The R-Cartier divisor 

is said to be relatively nef 'with respect to / : X —> S if 0sc{9>i)® ai <8> ••• <8) ^r(@ r ) l8 ' ar e 
Pic(^T) ® R is relatively nef with respect to / : X -> S. 

0.5.7. Let L4, m)be a 1 -dimensional noetherian local domain. For x eyl\{0}, we define 
ordyi(x) to be ord^x) := lengthy (A/xA). It is easy to see that 

ord A {xy ) = ord A (x) + ord A {y) 

for x,y e.A\ {0}, so that it extends to F x as a homo morphism, where F is the quotient 
field of A. Further, if we set F^ := F x ® z R, then ordyi also extends to F£. Let X be a 
noetherian integral scheme and y a point of X such that dim^ x>r = 1- Then ord^ is 
often denoted by ord r or ord r , where T is the closure of {y}. 

0.5.8. Let X be a regular scheme and let Div(X) be the group of Cartier divisors on X. 
We set Div(X) K := Div(X) ® z R, whose element is called an R-Cartier divisor. As X is 
regular, an R-Cartier divisor D has a unique expression 

D = ^a Y T, 

r 

where a r e R and T runs over all prime divisors on X. For D lt . . . , D r e Div(X) K , we set 

Di=^ai, r r, .... D r =^]a r , r r. 

r r 

We define max{Di,... ,D r } and min{Di,...,D r } to be 

max{Di, . . . , D r } :=^max{a 1>r , . . . ,a r , r }T, 
r 

min{Di, . . . , D r ] := ^min{ai, r , . . . , a r , r }r. 

r 

1. Preliminaries 

The goal of this section is to prepare several kinds of materials for the later sections. 
In Subsection 1.1, we consider the support of an R-Cartier divisor. In Subsection 1.2, 
we quickly review the analytification of an algebraic scheme in the sense of Berkovich 
[2]. Subsection 1.3 is devoted to the proof of several lemmas. 

1.1. R-Cartier divisors on a noetherian integral scheme. Let A be a noetherian inte- 
gral domain and F the quotient field of A. Let K be either Z or Q or R. We set 

F K x :=(F x ,x)® z K and L4*) K := {A*, x)<8> z K 

for p e SpecL4). As K is flat over Z, we have (A*) K c F£. For / e F*, we define to 
be 

W):={peSpecL4)|/£L4*) K }. 
Let us begin with the following proposition: 
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Proposition 1.1.1. (1) Vkif)=V q (f)forfeF*. 

(2) Letf e F x . Then V q {f) = fj* =1 Moreover, if A is normal, then V q (f) = 
W)- 

(3) For f gF£, the set V K {f) is closed in SpecL4). 

Proof. (1) By Lemma 1.3.1 in Subsection 1.3, [A x ) q = F q nL4 x ) K , and hence (1) follows. 

(2) As F Q X /{A* ) Q = (F>< /Ap ® z Q, / = 1 in F Q X /L4 X ) Q if and only if /» = 1 in F* /A* for 
some n e Z >0 . Thus the first assertion follows. The second assertion is obvious because 
V z {f) = V z (f n ) if A is normal. 

(3) First we prove that Vz{f) is closed for / e F x . We set 

/ = {a | a/e^i} and J = If. 

Clearly / and / are ideals of A. Note that I p = {aeA p \ afeA p ] by [1, Corollary 3.15]). 
Thus, 

f&A x p I P =A P and J P =A P , 

so that = Supp(SpecL4//)) u Supp(Spec(A/ /)), which is closed. 

Next let us see that V(f) q is closed for / e F q . Clearly we may assume that / e F x 
because, for n e Z >0 , / e G4 x )q if and only if /" e (A x )q. Thus, by (2), V^(/) is closed. 

Finally we consider the case K — R. We can find fi,...,f r e F x and 
R such that / = /f 1 ■••/*' and a\,...,a r are linearly independent over Q. Then, by 
Lemma 1.3.1, 

/eL4 x ) R <=> /i,...,/ r e(#) Q , 

and hence Ifaif) = (J - =1 ^(/,- ), which is closed by the previous observation. □ 

Definition 1.1.2. Let X be a noetherian integral scheme and let Rat(X) be the rational 
function field of X. Let Div(X) be the group of Cartier divisors on X, that is, 

Div(X) := H° (x,Rat(X) x /^ x x ) . 

Let K be either Z or Q or R. We set 

Div(X) K :=Div(X)® z K and Rat(X) x := Rat(X) x ® Z K. 

An element of Div(X) K (reps. Rat(X)^) is called a K-Cartier divisor on X (reps. Ir- 
rational function on X). A K-rational function / e Rat(X)^ naturally gives rise to a 
K-Cartier divisor, which is called the K-principal divisor off and is denoted by (/) K . 

Occasionally [f) K is denoted by (/) for simplicity. ForDeDiv(X) K (i.e., D — a\Di-\ h 

a,D r for some D 1( . . . , D r e Div(X) and a 1 ,...,fl r eK), there is an affine open covering 
X = Uf =1 Spec(A) of X such that D is given by some f t e Rat(X)^ and /,-//; £ (^x, p )kO= 
x x p ® z K) for all peUiD U } , so that Mfi) = W;) on U t n £/,-, where [/, = Spec(A,) 
for i = 1, . . . ,N. Therefore, we have a closed set Z on X such that Z\ u . = Vjk(//) for all 
i = l,...,N. It is called the K-support ofD and is denoted by Supp K (D). By Proposi- 
tion 1.1.1, Supp R (D) = Supp Q (D) for D e Div(X)Q and Supp Q (D) = P|~ =1 Supp z (nD) for 
DcI)iv(X). 

From now on, we assume that X is normal. Then Supp,j(D) = Supp z (D) for D € 
Div(X). For a K-Cartier divisor D on X, the associatedK-Weil divisor D w ofD is defined 

by 

D w := ^ ° r drC/r)r, 

r : prime divisor 
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where / r is a local equation of D at r. The support ofD as a Weil-divisor is denoted by 
Supp w (D), that is, 

Supp w (D):= |J T. 

ord r (/r)/0 

Proposition 1.1.3. We assume thatX is normal. Let D be aK-Car tier divisor on X. Then 
Supp w (D) c Supp K (D). Further, ifX is regular, then Supp w (D) = Supp K (D). 

Proof. We use the same notation as in Definition 1.1.2. Let p e [/, \Supp K (D). Then 
ft e (^£ p )k- In particular, ord r (/;) = for all prime divisors T with per, and hence 
p ^Supp w (D), as desired. 

We assume that X is regular. Let p e [/, n Supp K (D). As G X , P is a UFD, there are 
distinct prime elements h lt ...,h r e G X , P modulo 6^ p , u e (#£ p )k and a\, . . . , a r G JK 
such that /j = uh\ x • • • h a r r . If «i = ••• = a r = 0, then f t e (0£„)k» which contracts to 
p e LA, n Supp K (D), so that we may assume that «i, . . . , a r e M^ - Since h\,...,h r are 
distinct modulo Ti = Spec(^x, P /^i)>--->r r = Spec(^x, P /^r) give rise to distinct 
prime divisors. In addition, ord rj (/;) = a ; for j = 1, . . . , r. Therefore, p e Supp w (D). □ 

Finally let us consider Hartogs' lemma for M-rational functions. 

Lemma 1.1.4 (Hartogs' lemma for M-rational functions). Let A he a normal and noe- 
therian domain and F the quotient field of A. For x e F M X , if ord r {x) > for all prime 
divisors! of A, then there are X\,...,x r e A\{0} anda\,...,a r eR >0 withx = xf x ■■■xf r . 

Proof. Let S be the set of all prime divisors of A. Clearly we can find y\, . . . ,y r e F x and 
Ci, . . . , c r e M>o such that x = y^ 1 • • -y r Cr and c x ,...,c r are linearly independent over Q. 
We set T! = {T e E | ord r (x) > 0}. Let us see the following: 

Claim 1.1.4.1. TI is a finite set and ord r (y;) = for all T e E \ T! and i — \,...,r. 

Proof. If T % Supp z ((x) K ), then ord r (x) = 0, so that T! is a finite set. Moreover, if Y e 
E \ E', then 

= ordr(x) = c x ord r (yi) H Vc r ord r (y r ), 

and hence ord r (yi) = ••• = ord r (y r ) = by the linear independency of C\,...,c r over 
Q. ' □ 

By virtue of Lemma 1.3.2 in Subsection 1.3, there are e t j e Q> = l,...,r) and 
a\,...,a r eE >0 such that, if we set x ; =y[ ix •••yp r for i = l,...,r, thenx = xf 1 •••xf r and 
ord r (x,) > for all T e T! and i = 1, . . . , r. Replacing by eeij and a, by ai/e for some 
e e Z >0 , we may assume that e Z for all In particular, x ; - e F x for i = \,...,r. 
Note that, for reE\E', 

ord r (x;) = e n ordrCyJ + • • • + e ir ord r (y r ) = 0, 

and hence ord r (x,) > for all T e E and i = 1, . . . , r. Therefore, by algebraic Hartogs' 
lemma, jc,- e A \ {0} for i = 1, . . . , r, as required. □ 

1.2. Analytiflcation of algebraic schemes over a complete valuation field. Through- 
out this subsection, k is a field and v is a complete valuation of k. Here we quickly 
review the analytiflcation of algebraic schemes over k in the sense of Berkovich [2] . 

Let A be a /c-algebra. We say a map | • | : A — > R> is a multiplicative semi-norm over k 
if the following conditions are satisfied: 
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(1) \a + b\<\a\ + \b\foraUa,beA. 

(2) \ab\ = \a\\b\foral\a,beA. 

(3) \a\ = ^(a) for all a e k. 

Let x = | • \ x be a multiplicative semi-norm over k. We set p x := {a e A | |a| x = 0}, which 
is a prime ideal of A. We call p x the associated prime ofx. The residue field at p x is 
denoted by /c(x). Clearly x descents to a valuation v x of /c(x) such that v x {a) = v{a) for 
all a & k. The field fc(x) and the valuation v x are called the residue field ofx and the 
associated valuation ofx, respectively. Conversely let v' be a valuation of the residue 
field k{p) at p e Spec(A) such that */(a) = v (a) for all a e k. If we set |a| := 
mod /?) for a e A, then | • | yields a multiplicative semi-norm over whose residue field 
and associated valuation are k{p) and v ', respectively. In particular, this observation 
shows that if v is non-Archimedean, then | • | is also non-Archimedean, that is, \a + b \ < 
max{|a|, \b\] for all a,b gA. 

We denote the set of all multiplicative semi-norms over k by Spec^CA). For x = \ • \ x e 
Spec™{A), \a\ x is often denoted by \a[x)\. We equip the weakest topology to Spec^LA) 
such that the map Spec^LA) — > R> given by x — » |a(x)| is continuous for every a e A 
that is, the collection 

\ {x e SpecT{A) \ \a{x)\ e U] \ (where aGA and U is an open set in R> ) 

t J a,U 

forms a subbasis of the topology. A map Spec^ n (A) — > SpecL4) given by x — > p x is de- 
noted by p. It is easy to see that p : Spec^ n (A) — » SpecL4) is continuous. 
Let / : A — > B be a homomorphism of fc-algebras. We define a map 

/ an : Spec 3 " (B) Spec™{A) 

to be |a|/^( y ) = |/(fl)| y for y = | • \ y e Spec^. n (B) and a e A. We can easily check that 
/ an : Spec a . n (B) — > Spec 3 "^) is continuous. Let 5 be a non-nilpotent element of A. Let 
t : A — > A s be the canonical homomorphism. Then we can see that i an yields a homeo- 
morphism 

(1.2.1) Spec a fc n L4J A(ie Spec^A) I \s{x)\ # ol . 

homeo 1 J 

Let X be an algebraic scheme over k, that is, a scheme separated and of finite type 
over k. If X = SpecL4) is an affine scheme over k, then X an := Spec™{A). In general, if 

X = {J? =1 Ui is an affine open covering of X, then X an is defined by gluing together Uf n 
as a topological space (cf. (1.2.1)). For each i, we can define p : [/?" — » [/,, which can be 
extended to a continuous map p : X an — » X. Let / : X — > F be a morphism of algebraic 
schemes over k. We can see that / induces a natural continuous map f an : X an — » F an . 

From now on, we assume that v is non-Archimedean and X is proper over A:. Let X 
be a proper and flat scheme over Spec(/c°) such that the generic fiber of X — > Spec(A: ) 
is X Let X, be the central fiber of X -> Spec(fc°), that is, $r o = x Sp ec(ifc°) Spec(A:7A: 00 ) 
(for the definitions of k° and see Conventions and terminology 0.5.2). Let 

. van ay 

be the reduction map induced by — > Spec(/c°), which can be defined in the following 
way: For x e X an , let k{x) be the residue field ofx. Then, by using the valuation criterion 
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of properness, there is a morphism t : Spec( k{x)°) — > X such that the following diagram 
is commutative: 



Spec(A;(x)) 




Spec(fc(x)°) > Spec(fc°) 

Then r x {x) is given by r(fc(x)°°). The morphism t : Spec(/c(x)°) • 
phism (?x,t x {x) — * k{x)°. In particular, 



X yields a homo mo r- 



(1.2.2) 



|/L<lforall/e0 



It is well-known that r x : X an — > X is anti-continuous, that is, for any open set U of 
X , r^{U) is closed (cf. [2, Section 2.4]). Let Y be another proper algebraic scheme 
over k and p : F^Ia morphism over k. Let <3/ — > Spec(A: ) be a proper and flat 
scheme over Spec(/c°) such that the generic fiber of <W — > Spec(/c°) is Y and there is a 
morphism /i : ^ — > X over Spec(fc°) as an extension of p. It is easy to see that the 
following diagram is commutative: 



(1.2.3) 



yan 



X a 



□ 



Wo 



Ok" 



1.3. Miscellaneous lemmas. In this subsection, we prove seven lemmas, which are 
non-trivial and indispensable for other subsections. 

Lemma 1.3.1. Let V be a vector space over Q and W a subspace of V over Q. Let 
Xi,...,x r e V and a\,...,a r e M such that a\,...,a r are linearly independent over 'Q. 
lfa\X\ H ha r x r e W®qR, thenx\,...,x r e IV. 

Proo/ WesetH:={</)eHom Q (y,Q)| 0| w = o} = Hom Q (V/W,Q). For cp eH, the nat- 
ural extension to Hom K (V®QM,R) is denoted by R . As aiXi H ha r x r e ®qIR, we 

have 

= M (aiXi H hfl r x,-) = ai0(xi)H ha r 0(x r ) 

for all cf) e H. Thus 0(xj = ••• = 4>{x r ) = for all e H because a\,...,a r are linearly 
independent over Q and </>(xi), . . . , 0(x r ) e Q. Therefore, Xi, . . . ,x r e W. □ 

Lemma 1.3.2. Let V be a vector space overR. Let Xi,...,x r e V, a\,...,a r e M >0 , x := 

flixH Ya r x r and(pi,...,(j) m GHom^KK). If(pi{x) >0 for all I = 1,... , m, then there 

are x[, ...,x' r e Q> Xi H h Q> x r and a'p . . . , a' r e M >0 sacn f/zaf x = a[x[ H h a' r x^ 

and <pi{x' ! )>0 for alii = l,...,r and I = 1 m. 

Proof. Let us begin with the following claim: 

Claim 1.3.2.1. Lety x ,...,y s £ V, b x ,...,b s e M >0 and i/> e Hom R (V;iR). IfipiyO > for 

i = l,...,s — 1 and ip{biyi H h £> s y s ) > 0, dzen rnere are Ci, . . . , c s _i e Q> suc/z fftaf 

fo; — Cib s > /or i = 1, . . . , s — 1 and 

xpiciyi + ■■■ + c s - x y s -i + y s ) > 0. 
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Proof. As fciVCKi) + • • • + V(y*-i) + ^VCK*) > °> we have 

-j/>(y s ) < [b l /b s )tp(y l ) + ■■■ + {b s ^/b s )xp{y s - l ). 

Therefore, we can find Ci, . . . , c s _i e Q> such that 

-ip(y s )<c 1 ip(yi) + — + c s -iip(y s -i) and Ci<bi/b s 

for i = I,..., s — 1, as required. □ 

First we consider the case where m = 1. We set I = {z 1 0i(x,) < 0} and / = {z | 0i(x;) > 0}. 
We prove the lemma for m = 1 by induction on #(/). As 

0i(x) = ai0i(xi)H ha r 0i(x r )>O, 

we have / / 0. Clearly we may assume that 7^0. Choose se/. Note that 

f \ 

01 ^fl ; Xj +flj;X s >0, 

so that, applying Claim 1.3.2.1 to {Xj]j eJ U {x s }, {arfjej U and 0i, we can find c ; - e 
Q >0 (y e /) such that a ; - c ; a s > for j e / and 



0i 



>0. 



Note that 

f \ 

x = ^Ticij — Cj a s )Xj + a s Cj x ; - + x s + ^ a x,- . 

Thus, by the induction hypothesis, the assertion of the lemma for m = 1 follows. 

In general, we prove the lemma induction on m. The previous observation shows 

that it holds for m = 1. By hypothesis of induction, there are xj, . . . ,x' r e Q>oXi H h 

Q> x r and a' v ...,a' r eK>o such thatx = a\x' x -\ Ya' r x' r and 0/(x-) >0for all i = 1,..., r 

and I = l,...,m — 1 . Moreover, by the case where m = 1 , we can find x", . . . , x" e Q> Xj + 

• • • + Q> x' r and . . . , a" r e M >0 such that x = a'/x'/ H h a" r x'^ and m (x") > for all 

z = 1,..., r. Note that 0; (/ = 1,..., m — 1) is positive on Q> x^ H l-Q>ox' r and 

Q >0 x; + • • • + Q >0 x / r c Q >oXl + • • • + Q >0 x r . 

Thus the assertion follows. □ 

Lemma 1.3.3. LetM be a finitely generated Z- module and let\\ • \\ and \\ • \\' be norms of 
M R := M ®z M. LetM' be a submodule ofM such that M/M' is a torsion group, so that 
M R = m;(:= M' ® z M). //II • II < II • W, then 



(1.3.3.1) 

Moreover, for A < 

(1.3.3.2) 
(1.3.3.3) 
(1.3.3.4) 
(1.3.3.5) 



x{M',\\-\\')<x{M,\\-\\). 

i> , the following formulae hold: 

/z°(M,exp(-A)||-||)<k°(M,| 
j(M,exp(-A)||-||) = z(M,||- 
h\M, || • ||) < h\M', || • ||) + log#(M/M') + log(6)rkM, 
X{M, || • ||) = xiM', || • ||) + log#(M/M'). 



|) + ArkM + log(3)rkM, 
+ ArkM, 
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Proof. (1.3.3.1) is obvious. (1.3.3.2) follows from [24, Lemma 1.2.2]. (1.3.3.3) is also 
obvious because B{M, exp(-A)|| • ||) = exp(A)B(M, || • ||). 

Let us consider (1.3.3.4). Let n : M — > M/M' be the canonical homomorphism. Let 
us choose X\, . . . , x N e M with the following properties: 

(i) < 1 for all i = l,...,N. 

(ii) n{Xi) # n{Xj) for i^j. 

(iii) For any x e M with ||x|| < 1, there is x, with n{x) = 7r(x,). 
Then we can see that 

{x e M | ||x|| < 1} c { Xi + x' \x'eM' and ||jc'|| < 2} , 

and hence, 

h°(M, || • ||) < h\M', (1/2)|| • ||) + log#(M/M'). 

Therefore, (1.3.3.4) follows from (1.3.3.2). 

For (1.3.3.5), let us consider the following commutative diagram: 

► M' > M > M/M' ► 



> M'/M' tor > M/M tor ► {MlM tor )/{M'/M' tor ) > 0, 

which show that we may assume that M is torsion free. Let Wi,...,fc) r bea free basis of 
M such that a,\ <x>\, . . . , a r co r form a free basis of M' for some ai,...,a r e Z >0 . Then 

vol(M R /M') = ai ■ ■ ■ a r vol[M R /M). 

Thus (1.3.3.5) follows because #{M'/M) = a 1 ---a r . □ 

Lemma 1.3.4. Let A and M be Z-modules and let f : M n — » A be a multi-linear map, 
that is, 

f(X\, — , X; X-, — , Xji) — f{X\, — , Xi, — , Xfi) f{X\, — , X-, — , x w ) 

for alii = \,...,n andx\,...,x i ,x' i ,...,x n e M. Then, for X\, ... ,x n ,x[, ... ,x' n e M, 

n 

f(x^ t ... , X n ) — f{x\, ... , x n ) + ^ ' /*(x 1 , . . . , X J ._ 1 , 5,-, Xj+i, . . . , x n ), 

i=l 

where 5 i =x' i —x i . 

Proof. We prove it by induction on n. In the case where n = I, the above means that 
/(Xj ) = /(xi ) + /(xj - Xi), which is obvious. In general, using the induction hypothesis, 
we have 

/Up • • • > •*-„) = f(%i> ■ ■ ■ ' X n -\>Xn)~^~ f{.X\> ■ ■ ■ >% n -i> °~n-l) 

and 

/"(Xj, • • • , X^_ 1 , X n ) — /"(Xi, . . . , X n -\, Xn) 

n-1 

+ f(.X\> • • • > X ; -_j, 5;, Xj+i, . . . , X n -\, X n ). 
i=\ 

Thus we have the assertion. □ 
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Lemma 1.3.5. Let V be a vector space overR and W a subspace ofV overR. Let 

{):Wx V i_1 ->R 
be a multi-linear map overR. We assume that ( ) is symmetric, that is, 

,X2,...,Xi) — (X2,Xi,...,Xi) 

forallx l ,x 2 & W andx 3 ,...,x t e V and 

(X\, . . . , X(, . . . , Xj , . . . ,X/) {X\, • • • j Xj , . . . , X(, . . . , X\ } 

for all Xi e W, x 2 ,...,xi e V and! < i < j < I. For simplicity, (x\,...,xi) is denoted by 
{xi---xi) or (jJfXi). Then 

= s (n^- n x j)+ s (rh n 

0#/c{l,..J} \ ieJ ;e{l,...,Z}\/ / 0#/cji,...,/} \ iel 

holds for a\,... ,ai,b\,... ,b\ e W andx\,...,xi e 
Proof. If we set 

0//cji,...,;} \ is/ jejl,...,/}\/ 



- s r> n 



X J 



then 



0#/cji,...,/} lc/ \ jel ;' e /\i ;e{l,...,/}\7 

- z (i> ii 

/} \ ieJ ;s{l,...,/}\/ , 

= S X(ll« II" II *,) 

= s s (n a < n Xm 

0#Z£{1,...,/}MIIM'={1,...,Z}\L \ iel meM m'eM' 

= s (]!«'■ n c*j+*A 

0/LCJi,...,/} \ ;ei ;e{l,...,Z}\Z / 

as desired. □ 

Lemma 1.3.6. LetS be a connected Dedekind scheme and k the rational function field 
ofS. LetX be a projective variety overk. Then we have the following: 

(1) There exists a model ofX overS {cf. Conventions and terminology 0.5.5) . 
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(2) Let J be an invertible fractional ideal sheaf on X. Then there are a model X ofX 
overS and an invertible fractional ideal sheaf J on X such that /nl= /. 

(3) LetD be anW-Cartier divisor on X. Then there are a model X ofX overS and an 
R -Cartier divisor 9} onX such that @nl = D. 

Proof. (1) As X is projective over k, there is a closed embedding t : X <^-» F%. Let X be 
the closure of i{X) in P^. Then X is integral, projective and flat over S because S is a 
connected Dedekind scheme. 

(2) Let X' be a model of X over S. Then we can find a non-empty open set U of S and 
an invertible fractional ideal sheaf ^{j on X(j such that £{j n X = J. Therefore, as X 
is noetherian, by using the extension theorem of coherent sheaves (cf. [14, Chapter II, 
Exercise 5.15]), we have a fractional ideal sheaf J?' on X' such that J' n X{j = ^(j. Let 
n : X = Proj (0~ =o / /m ) -» X' be the blowing-up by the fractional ideal sheaf 
Then, as J := J' 6% is invertible, the assertion of (2) follows. 

(3) is a consequence of (2). □ 

Lemma 1.3.7. Let kbea field and v a valuation ofk . Let k v be the completion ofk with 
respect to v. By abuse of notation, the unique extension ofv to k v is also denoted by v. 
Then we have the following: 

(1) We assume that v is discrete. Let X be a projective and geometrically integral 
variety over k and letX be a model ofX over Spec(fc°). We set 

X v :=Xx Spec{k] Spec{k v ) and X v :=X x S p ec(n Spec(A;°). 

Letn : X v — » X be the projection, and let{X v ) andXo be the central fibers of 

X v — > Spec(fc°) and X — > Spec(/c°), 

respectively {cf. Conventions and terminology 0.5.2) . If we choose E, v & {X V ) and 
E,&X with n{E, v ) = then we have the following: 

(1.1) X v is a model of X v over Spec(fc°). 

(1.2) 6x,i is regular if and only ifG Xv ^ v is regular. 

(1.3) We assume that k° is excellent. ThenG x ^ is normal if and only if 6 Xv ,^ v is 
normal. 

(2) Let A be a k -algebra and A v := A® k k v . Letx = \-\ x andx' — \-\ x > beseminorms 
of A v . If\a ® 1|jc = \a <8> lb' for all a eA, thenx = x'. 

Proof. (1) We need to see that X v is integral. As X v — » Spec(fc°) is flat and the generic 
fiber of X v — > Spec(/c°) is integral, (1.1) follows from [20, Lemma 4.2]. 

Before staring the proofs of (1.2) and (1.3), let us see m% v — m?0 Xvi ? v . Let be the 
residue field at £. Here we consider an exact sequence 

*(£)®fc°fc°° — a -^ Jf(?)®*°fc° > K(Z)® k °(k v /k°;) > 

induced by — > k°° -> k° v -» fc°/ k°° — > 0. Note that a = because a{a ® xub) = a® tub = 
xna ® b = for a e ) and bGk°. Therefore, 

On the other hand, performing 0<r„,?„ to the exact sequence — > m ? - — > — > 
k-(^) — > 0, we obtain 

-» m f -» ^„, f „ -» <8> % , f „ -» 0. 
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As Ti induces the isomorphism {3C V ) — » ST , 7r _1 (?) = {^v}> so that Xv ,i v = 6 x ,?®k° k° v . 
Therefore, 

® 6x i 6 Xvtlv = Kg) <8>^ {6 Xtl ® k ° ~ >c(£) ® k ° k° v ~ Kg), 
which shows that m^6 Xvt ^ v is the maximal ideal of G Xvt ^ v , and hence m^6 Xv ^ v — m^ v . 

Since X £ c ^ ^ c ^ ? and m^6 Xvt ^ v = m ? „, by [19, Chapter 1, Theorem 3.16], we 
have 0r„ )f „ ~ 6 X &. Thus (1.2) follows from [1, Proposition 11.24]. Further, (1.3) follows 
from [11, VI, 7.8.3, (v)]. 

(2) For a gA v , we set a = ai®AH ha r ®A r , where a\,...,a r eAand Ai,..., A r e fc„. 

Then we can find sequences {Ai, n }~ =1 ,...,{A r>n }~ =1 in k such that A, = lim^oo A;,„ for 
i = 1, . . . , r. Here we set 

a„ = ai <8>Ai,„ H ha r ® A r> „ = (Ai >n aH 1- A r>n a r )<8> 1. 

Then, 

l|a» U - l«UI < |a„ - a\x = \a x <g) (A L „ - AO + • • • + a r ® (A r ,„ - A r )| x 
< |a 1 ®(A 1 ,„-A0| ;c + "- + |ai®(A r , n -A0| ;c 
= |(«i ® 1) ■ (1 ® (A M - A0)| x + • • • + \{a r ® 1) • (1 <8> (A r ,„ - A r ))| x 
= |fli ® lUy(Ai,„ - AOH 1- l«i ® 1U^ (A r ,„ - A r ), 

and hence lim w _ 00 |a w | JC = |a| x . In the same way, lirn n _ )00 |a n | ;c ' = \a\ x >. On the other 
hand, by our assumption, 

\a-n\x = l(Ai,„aH 1- A r , ra a r )® l\ x = l(Ai,„aH h A r> „a r )® = |a w | x / 

for all n > 1. Therefore, |a| x = |a| x /, and hence x = x'. □ 

2. Adelic IR-Cartier divisors over a discrete valuation field 

In this section, we introduce an adelic M-Cartier divisor on a projective variety over 
a discrete valuation field and study their basic properties. Roughly speaking, an adelic 
IR-Cartier divisor is a pair of an M-Cartier divisor and a Green function on the analyti- 
fication of the given variety, which is an analogue of Arakelov divisors (i.e. arithmetic 
divisors) on an arithmetic variety. 

Throughout this section, let k be a field and v a discrete valuation. We set 

k°:={aek\ v(a)<l} and k°° :={a&k \ v{a) < 1}. 

Let or be a uniformizing parameter of v, that is, k°° = tuk°. Note that v might be trivial, 
so that we do not exclude the case where 07 = 0. Let us begin with Green functions on 
analytic spaces over a complete discrete valuation field. 

2.1. Green functions on analytic spaces over a discrete valuation field. We assume 
that v is complete. Let X be a projective and geometrically integral variety over k. Let 
Rat(X) be the rational function field of X. Let U = SpecL4) be an affine open set of X. 
Let p e U and x = \ • \ x e U an such that p x c p, where p x is the associated prime of x (cf. 
Subsection 1.2). Then we have a natural extension \-\ x :A p —* R> of | • \ x on A given by 
\a/s\ x — \a\ x /\s\ x for a e A and s &A\p, which yields the group homomorphism \ -\ x : 
A* — > R >0 . Thus we obtain a canonical extension L4*)r — > M>o, which is also denoted 
by | • \ x by abuse of notation. Let / e Rat(X)* and x e U aa \ ^(/) an (see Subsection 1.1 
for the definitions of Rat(X)^ and VJj(/)). As p x £ 14(/)> we get / e (A* ) R , and hence 
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|/(x)| € R >0 . Therefore, we have a map U an \ 14(/) an -» R given by x -> log|/(x)| 2 . We 
denote it by log|/| 2 . Clearly log \f\ 2 is continuous on U an \ Vk{f) an . 

Definition 2.1.1. Let D be an M-Cartier divisor on X, that is, D e Div(X) M (:= Div(X) ® z 
R). Let X = [J i=1 Ui be an affine open covering of X such that D is given by ft e Rat(X) R 
on Ui. A continuous function g : X an \ Supp R (D) an — > M is called a D -Green function 
of C° -type on X an if g + log|/, | 2 extends to a continuous function on U an for each i = 
l,...,N. 

For example, for / e Rat(X) R , -log|/| 2 is (/) K -Green function of C°-type on X an , 
where is the M-principal divisor of / (cf. Subsection 1.1). We set 

Cj(X an ):= lim C\U an ). 

U: Zariski open set of X 

The space of all Green functions forms a subspace of C°{X an ) over M. More precisely, 
we have the following proposition: 

Proposition 2.1.2. Let D and D' beR-Cartier divisors on X. Let g be a D-Green func- 
tion of C° -type on X an and g' a D' -Green function of C° -type on X an . Then we have the 
following: 

(1) Fora,b el, ag + bg' is an [aD + b D')- Green function ofC°-type. 

(2) IfD = D', then max{g, g'\ andmm{g, g'} are D-Green functions of C° -type. 

Proof (1) Let X = [J i=l U t be an affine open covering of X such that D and D' are given 
by ft and /■ on [/,-, respectively. By our assumption, there are continuous functions tp 
and if' on C7 an such that g = -log|/ ; | 2 + ip and g' = -log|/^| 2 + ip'. Thus 

ag + bg' = -\og\f?f*\ 2 + ay + bip'. 

Note that ff f'f is a local equation of aD + bD' on [/,. Thus (1) follows. 
(2) Note that 

max{g,g / } = -log|/ i | 2 + max{(^,(^ / } and min{g, g'} = -log|/;| 2 + mm{p, p'\ 

on C/ an \ Supp R (D) an . Moreover, max{(/?, ip'} and mm{ip, <p'} are continuous on U an , as 
required. □ 

Next let us consider a norm arising from a Green function. 

Proposition 2.1.3. We assume thatX is normal. We set 

H°{X, D) := {(p e Rat(X) x | (0 ) + D > 0} U {0}. 
Let g be a D-Green function of C° -type onX an . Then we have the following: 

(1) For cp e H°(X, D), |0| exp(-g/2) extends to a continuous function # on X an . We 
denote \\$\\ sup by\\(p\\ g . 

(2) The following formulae hold: 

(2.1) \\a(p\\ g = v{a)\\<p\\gforallaek andcp eH°{X,D). 

(2.2) ||0 1 + 2 || g <max{||0 1 || g ,||0 2 || g }/ora//0 1 ,0 2 e J f/°(X,D). 

Proof. (1) Clearly we may assume that 0/0. Let X = \jff =l Spec(A;) be an affine open 
covering of X such that D is given by hi e Rat(X) R on SpecL4;). Since D+(<p) is effective 
as a Weil divisor, ord r (0/z;) > for any prime divisor T on Spec(A ; ). Thus, by virtue 
of Hartogs' lemma for M-rational functions (cf. Lemma 1.1.4), there are U\,...,u r e 
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A ; \{0} and a x ,...,a r Gl >0 with (ph t = u"'---uf r . In particular, \(f>hi\ = \ui\ ai ••• | u r \ Ur 
is continuous on Spec^ n L4,). On the other hand, there is a continuous function (p, on 
Spec* n L4 ; ) such that g = -log|fr/| 2 + </?,• on Spec* n G4,). Therefore, 



|0|exp(-g/2)=|0fc;|exp(-<^/2) 

is continuous on Spec^ n L4 ; ). 

(2.1) is obvious. (2.2) is also obvious because |0i + cj) 2 \ < maxll^l, \cj) 2 \} on some 
dense open set. □ 



A pair [X ', @) is called a model of{X, D) if X is a model of X over Spec(fc°) (cf. Con- 
ventions and terminology 0.5.5) and @ is an M-Cartier divisor on X with SmX = D. 
The M-Cartier divisor 3> is often called a model ofD on X '. For x e X an \ Supp R (D) an , let 
/ be a local equation of 9) at £ = r a (x), where r^r is the reduction map X an — > $r o (cf. 
Subsection 1.2). As p x e Specter) and / e (^ jPx )r, we have |/(x)| 0, so that we can 
define g(ar, @)U) to be 

g ( ,*-,@)(x):=-log|/(x)| 2 . 

Let /' be another local equation of 9) at Then there is u e {6% f ) R such that f = fu, 
and hence |/(x)| = |/'(x)| because \ u{x)\ = 1 (cf. (1.2.2)). Therefore, g(,?r,@)(x) does not 
depend on the choice of /. Let us see the following proposition: 

Proposition 2.1.4. (1) g(ar,@) is a D -Green function of C° -type on X an . 

(2) Let Y be another projective and geometrically integral variety over k and let 
v :Y^Xbea morphism over k . Let 'W be a model ofY such that there is a mor- 
phism v : W — > X over Spec(/c°) as an extension of v. Then g{»,v*{s>)) — ^ an ° g(a:,@) 
on 7 an \Supp M (v*(D)) an . 

(3) Let p : X' — > X be the normalization of X . Let X' the generic fiber of X' — > 
Spec(A; ) andp : X' — > X the induced morphism {note thatX' is normal). We as- 
sume that the associatedR-Weil divisor ofp*{D) is effective. Then the associated 
R-Weil divisor ofp*{Q>) is effective if and only ifg(x/s) > on X an \ Supp^D) 311 . 

Proof. (1) Let X = Uf =1 Spec(^) be an affine open covering of X such that we have 
a local equation /,■ e Rat(X) M of Qs on := Spec(jz/;), where j4i is a A;°-algebra for 
each i = 1, .... N. We set Q = r#\% n $T ). Then Q is closed (cf. [2, Section 2.4]) and 
Uf =1 Q=X» 

First let us see that g(,r,s>) : X an \ Supp M (D) an — > M is continuous. By our construc- 
tion, g[x,si){x) = — log|/ ; (x)| 2 for x e C, \ Supp R (D) an . Thus g ( ar,@) is continuous on 
Ci \ Supp M (D) an . Let Z be a closed subset in R> . As 

( ^3)| CAS upp R (Dr) _1 & = V) n (Q \ Su PPr (D)-), 

g^ ^(Z) n (Q \ Supp R (D) an ) is closed in Q \ Supp R (D) an , and hence 

g-^ @) (Z)n(CASupp R (Dn 
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is closed in X an \ Supp R (D) an . Note that 

N 

y(g ( ^ i @) (z)n(c i \supp M (Dn) 
;=i 

N 

= g£ i9) (Z) n U(Q \ Supp R (D) an ) = 

i=\ 

Thus g ( 7^ ty{Z) is closed in X an \Supp R (D) an , so that g(,r,@) is continuous onX an \Supp R (D) an . 

Since is a local equation of D on LA,- = n X, in order to see that g(%/$) is a D- 
Green function of C°-type, it is sufficient to see that ip = g(,« ,®) + log|/;| 2 extends to a 
continuous function on [/?", which is obvious because ip = on Uf n . 

(2) First note that v(Supp R (v*(D))) c Supp R (D), so that 

(v an r l (x an \ S Upp R (D) an ) C \ Supp R (v*(D)) a ". 

We set c; = r^\v- 1 [%)n<3Q. Let y e c;\Supp(v*(D)) an , £' = r y (y) and £ = r«(v an (y)). 
Note that £ = v(£') e n^T by (1.2.2). Then, as v*(/,) is a local equation of v*{&) at 

g(^,n@»(y) = "log|v*(/;)|J = -\og\fi\ 2 vW[y) = g [x , m {v an {y)\ 

as required. 

(3) By virtue of (2), g ( ^ >A *(@» = g lx , m on (X') an \ Supp R (/i*(£>)) an - Moreover, /i an : 
(X') an —* X an is surjective by [2, Proposition 3.4.6]. Thus we may assume that X is 
normal. 

First we assume that @ is effective as a Weil divisor. Then, ord r (/i) > for any prime 
divisor T on Thus, by Hartogs' lemma for M-rational functions (cf. Lemma 1.1.4), 
there are h ly h r e j^i\{0} and a lt a r eR >0 with ft = h a ^---h a /. Note that \hj\ x < 1 
for j = l,...,r andx € Q \ Supp R (D) an , and hence \f t \ x < 1, as required. 

Next we assume that g(,« ,@) > on X an \ Supp R (D) an . Let us see that @ is effective as 
a Weil divisor. If v is trivial, then @ = D is effective, so that we may assume that v is 
non-trivial. It is sufficient to show that the coefficient of Q) w with respect to a vertical 
prime divisor T is non-negative. Let us consider a multiplicative seminorm x r = | • U r 
given by 

\f\ XY := ^sjjordH/VordrM 

for / e Rat(X), where xu is a uniformizing parameter of k°. As x r e X an \ Supp R (D) an , if 
x r e Q, then 

< g(,r,@)Ur) = -logl/il 2 = -2\ogv{xu) OY ^/ l \ , 

r ord r (oJj 

and hence ord r (/;) > 0, as desired. □ 

Here we discuss a more sophisticated maximum problem of Green functions on a 
smooth projective curve than (2) in Proposition 2. 1.2. 

Proposition 2.1.5. We assume thatX is a smooth projective curve overk. LetD lt . ..,D r 
be R-Cartier divisors on X and let D := max{Di,...,D r } {Conventions and terminol- 
ogy 0.5.8). For each i = l,...,r, let g ; be a D ( -Green function of C° -type on X an . We 
set 

g:=max{gi,...,g r } 
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on X an \ {Supp^iDiY 11 u • • • U Supp K (D r ) an ). Then g extends to a continuous function 
on X an \ Supp M (D) an , and g yields a D -Green function of C° -type on X an , which is also 
denoted by 

max{g ly ...,g r ] 

by abuse of notation. 

Proof. Let X\,...,x N be closed points of X such that, for each i = l,...,r, 

Di = ciiiXi H h fl/jv-^w 
for some a t j eR. If we set dj =max{a 1; ,...,a rj } for j = 1,..., N, then 

D — a\X\ H — + ciffXff. 
Let Xj be a unique point of X an such that {x ; - } = {Xj } an . 
Claim 2.1.5.1. IfD — 0, then g is continuous on X 311 . 

Proo/ Clearly g is continuous on X an \ {xi, . . . ,x N ], so that we need to show that g is 
continuous at each Xj. Let us choose an affine open set U of X such that 

{x 1 ,...,x N }nU={x j }. 

As ciij < 0, we can see that gi is upper-semicontinuous on U an . Moreover, g t is contin- 
uous on U an if ciij = 0. We set 

I :={i = l,...,r \dij =0} and I' :={i = \,...,r \d t j <0}. 

Note that 7/0 because maxjaij, . . . , a rj } = a ; - = 0, so that we choose i e 7. Here we 
set 

V := {x e C/ an | g /o (x) > g !o (x ; ) - 1 and gKx) < g; (x ; ) - 1 for all i' e /'} . 
Then 1/ is an open set and x ; - e V. Further 

max{g;(x) \iGl}> g /o (x) > g/ (x ; ) - 1 > max{gKx) | i' e /'} 

on F\{Xj}, and hence g(x) = max{g i (x) | i e 7} on V\{x ; }. Therefore, the claim follows 
because g,- is continuous on U an for e I. □ 

Let g' be a D-Green function of C°-type on X an . It is sufficient to see that g — g' ex- 
tends to a continuous function on X an . Clearly g - g' is continuous on X an \ {xi , . . . , Xjv} 
and 

g-g / = max{g 1 -g / ,...,g r -g / } 

onX an \{xi,... ,Xat}. Note that gi~g' is a (D ; —D)-Green function of C°-type onX an and 
max{Di — D, . . . , D r — D} — 0, so that the assertion follows from the above claim. □ 

Finally let us consider a Green function of (C° n PSH)-type, which is a counterpart of 
a semipositive metric. 

Definition 2.1.6. Let g be a D-Green function of C°-type on X an . We say g is of{C° n 
PSH)-fypeif D is nef and there is a sequence {($T n » ®n)}~ =1 of models of [X, D) with the 
following properties: 

(1) For each n > 1, ®„ is relatively nef with respect to — > Spec(fc°) (cf Conven- 
tions and terminology 0.5.6). 

(2) If we set 0„ = g ( ,«„,@„) - g. thenlim^^oo ||0 ra || sup = 0. 

As an application of results in Appendix (cf. Corollary A.3. 2), we have the following 
characterization of relatively nef divisors. 
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Proposition 2.1.7. Let X be a normal model ofX and let 9) be an R-Cartier divisor on 
X . Then g{x,@) is of{C° n PSH)-type if and only if '® is relatively nef. 

In addition, we have the following propositions. 

Proposition 2.1.8. We assume that v is non-trivial. Let D be a nef R-Cartier divi- 
sor on X. Let g be a D -Green function o/(C° n PSH)- type. Then there are sequences 
{{3C n ,^ n )Y^ =l an d{{!%n>'2 l ' n )\™ =l of models of [X,D) with the following properties: 

(1) For all n>l,Qi n and Q)' n are relatively nef with respect to X n — > Spec(fc°). 

(2) g{x n /s n ) <g< g(3c n ,& n )forall n>\. 

(3) Ifweset(j) n = g (Xn ,9„) ~ g and<p' n = g ( ^„ )S g - g, then 

lim ||0„|| sup = lim ||0'|| SU p = O. 

n— >oo n— >oo 

Proof. By its definition, there is a sequence \[X n , @%)}™ =1 of models of {X,D) with the 
following properties: 

(i) For all n > 1, ®^ is relatively nef with respect to 3C n — > Spec(fc°). 

(ii) If we set 0£ = g^ n ,&^ - g, then lim,^ ||<^|| SU p = 0. 
Here we set 

H0"llsUD WWsuv 

® n :=K ' ; " 7 S X n \ and 9 n :=f% + " y ""7 A X n ) a , 

where {% n )° is the central fiber of X n — » Spec(fc°). Then 

g[x„M = S(x n ,%) - ll^^llsup and g[x n ,& n ) = g(x n ,%) + ll^'ILp, 

and hence 

g{ X M-g = K-U'X^<^ and g [Xn , K) -g = ^ + \W%^>^ 
as required. □ 

2.2. Definition of adelic R-Cartier divisors. We assume that k° is excellent. Let X be a 
projective, smooth and geometrically integral variety over k. Let k v be the completion 
of k with respect to v. By abuse of notation, the unique extension of v to k v is also 
denoted by v. We set 

X v := Xx Spec{k] Spec(fc y ), 

which is also a projective, smooth and geometrically integral variety over k v . 

A pair D = [D, g) is called an adelic R-Cartier divisor of C° -type on X if D is an R- 
Cartier divisor on X and g is a D-Green function of C°-type on X™. If D is nef and g is 
of (PSHnC°)-type, then D is said to be relatively nef. Moreover, we say D is integrable 
if there are relatively nef adelic R-Cartier divisors D and D of C°-type on X such that 
D — D — D . We say a continuous function (f> on X™ is integrable if (0, </)) is integrable 
as an adelic R-Cartier divisor. Let D = (D', g') be another adelic R-Cartier divisor of 
C°-type on X. For a, a' e R, we define aD + a'D to be 

aD + a'D' := {aD + a'D',ag + a'g'). 

The space of all adelic R-Cartier divisors of C°-type is denoted by Div^, (Xk, which 
forms a vector space over R by the above formula. For Di = (D 1( gi), D 2 = (D 2 , g 2 ) € 
Div^oPOiR, we define Di < D 2 to be 

— — def 

-Di < D 2 <=> £>i < D 2 and gi < g 2 . 
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Let X be a normal model of X over Spec(fc°) and let ® be an IR-Cartier divisor on X. 
The pair (X, 3i) gives rise to an adelic IR-Cartier divisor of C°-type on X, that is, the pair 
{&nX, g(3£,®)) of &r\X and g^sc, ©)• We denote it by ® a and it is called the associated adelic 
R-Cartier divisor with 9). By abuse of notation, we often use the notations ® < D 2 and 
Di<9! instead of ® a < D 2 and D\ < ® a , respectively 

Proposition 2.2.1. LetX be a normal model ofX overSpec{k°) and letDiv{X) K be the 
group ofR-Cartier divisors on X . Let i : Div{X) K — > Div£, (.X'k be the map given by 
3> >-» @ a . Then we have the following: 

(1) The map t : Div(^) R — » Div^oiX)^ is an injective homomorphism ofR-vector 
spaces. 

(2) @! < ® 2 <=> ®i < ®2" 

Proof. Clearly /, is a homomorphism of IR-vector spaces. (2) is a consequence of Propo- 
sition 2.1.4. The injectivity of t follows from (2). □ 

2.3. Local degree. We assume that k° is excellent and k is perfect. We use the same 
notation as in Subsection 2.2. Let x be a closed point of X with x ^ Supp R (D). Let k{x) 
be the residue field at x. As k (x) is separable over k, we have fc(x) <8>jt k v = fci © ••• © ki 

for some finite separable extensions k\, ki over k v . Note that each ki has the unique 

extension v t of v. The /oca/ degree ofD along x over v is defined by 

deg^DU)^^ — 5 — g{vi). 

i=\ z 

Here we assume that A; is a number field and v{f) — #{Ok/P)~ oldp ^\ where Ok is the 
ring of integers in k and P is a maximal ideal of 0^. Let X be a normal model of X 

over Spec((Ojfc)p). Let ® = ai&i H h a/® r be an IR-Cartier divisor on X such that 

®nX = D, fli fl r eR and . . . , ® r are effective Cartier divisors on X. We assume 

that g = g{x,@) and x £ Supp z (®i) U ••• U Supp z (® r ). Let 0^ X ) be the ring of integers in 
k{x). Then it is easy to see that 

r 

(2.3.1) dei l/ (DU) = ^fl 7 log#((O fcW (© ; )/O fcW )J . 

7=1 

2.4. Local intersection number. We assume that k° is excellent and v is non-trivial. 
We use the same notation as in Subsection 2.2. Let be a continuous function on 
X an . Let X be a normal model of X and let i£ x , . . . , i£ d be IR-Cartier divisors on X . Let 
T\, . . . , T r be irreducible components of the central fiber X a of X — » Spec( Let be 
the discrete valuation arising from r ; - such that i/ ; | fc = v. By Lemma 1.3.7, there is a 
unique e X an such that the restriction of Dj to Rat(X) is Vj. For each i and j, we can 
choose a unique real number A/ ; - such that T ; - 2 Supp^CS?,- +XijX ) (for Supp w , see 
Definition 1.1.2). Then the number given by 

2 -2log,( CT ) de8fc7 ^ ( ^ + Al Ao)| ^ " ' ^ d + ) 

is denoted by deg v {££\--- ££d,<p), where deg^^o is the degree over k°/k°°. Obviously, 
deg v {^i • • • 5£d\ 4> ) is multi-linear with respect to S£\, . . . , S£ d . In addition, 

deg„(i?i • • a<£ + fl>0 = adeg„(5fi ■ ■ ■ iff d ; 0) + a'dl% v {5£ x -se d ; <t>') 
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for a, a' e R and 0,0' e C°(X^ n ). Let <f be a vertical M-Cartier divisor on X and let 

(f = a\Y\ H 1- a r T r be the irreducible decomposition of 8 as a Weil divisor. Let cj) e be 

the continuous function arising from 8 , that is, <fig = g{ X ,gy Then 

r 

d£g„CSfi ■ • ■ 0,) = £ aj deg,o /fc0 o ( + A 1; -3Q| r . - + A rfj ^ )| r . ) 
;"=i 

= deg w (if 1 -^-<f). 
If if i , . . . , i£ d are relatively nef and < ', then 
(2.4.1) feg v {% l ---% d -,<t>)<feg v {X l ---l£ d -,<i)'). 
Let us begin with the following lemma: 

Lemma 2.4.2. Let 5£\ } ... ,i£ d +2, i£ />•••> ^ d+2 ^ e relatively nefR-Cartier divisors on X . 
We assume that there area\, a d , a d +\ e R> with the following properties: 

(1) For all i = I,..., d, ^nX = i£[r\Xand -a t X <S£[- 5£ t < a t X . 

(2) l£ d+l n X = S£ d+Z n X and S£' d+l n X = S£' d+2 n X. Moreover, 

-2a d +\g(x,x ) <ip'-ip< 2a d+ ig {X}Xo) , 

where ip := g( X ,se d+1 -x M ) and tp' := g {x ,sf M -se' M y 
Then we have the following inequality: 

d+l 

dei^-^i^-dei^-^;^) <^2a ! deg(L 1 -L ! _ 1 -L /+1 -L d+1 ), 



where L t := i£i nl for i = 1, . . . , d + 1. 



Proof As Se[, . . . ,Se' A are relatively nef and -2a d+l g( X , Xo) <ip' -ip < 2a d+l g {x , Xo) , by 
using (2.4.1), we have 

^(^•••^;^-d^^'---^;^)|<2a d+1 deg(L 1 ---L d ), 

and hence, 

dei^^-^^-dig.K-^;^) 

< d^g^-^tp)-^^-^;^) +2a d+1 deg(L 1 ---I d ). 
On the other hand, by Lemma 1.3.4, 

d^ v (^---J£ d ;ip) = d^ v {J£ v --J? d ;ip) 

d 

i=l 

where S t =S£[ — 5£i. Let 0, be the continuous function arising from Then, as 

= dii,(^; -S£[_ y - {S£ d+l - % d+2 ) ■ 5£ i+x ■ ■ ■ 0, ) 
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and -atg (XtX .) < 0, < a t g lXiXo) , by using (2.4.1), we can see that 



< 



deg v &; ■ ■ ■ 5£[_ x ■ 2> d+1 ■ S£ i+l ■ ■ ■ S£ d ; 0,) 



+ 



ds% v {Se[ -S£[_ x - S£ d+2 ■ S£ i+X -Jfd^i) 

< 2a i deg(Li • • • L,-_i • L i+l ■■■L d - L d+l ), 



as desired. 



□ 



The next proposition guarantees the intersection pairing of integrable adelic M-Cartier 
divisors along an integrable continuous function. 

Proposition-Definition 2.4.3. Let Li = {L\,gi),...,L d = (L d , g d ) be relatively nef adelic 
R-Cartier divisors on X, and let be an integrable continuous function on X™. Then 
there are sequences 

\fJ%\,n-> ^£\,n)\ n= i > • • • > {[3&d,n> ~£d,n)\ n= \ > 

{{3£d+l,n> -^d+l,n)} n= i > {{3&d+2,n> -%+2,ji)}„ =1 

with the following properties: 

(1) %i >n is a normal model ofX over Spec(fc°) andf£ iin is a relatively nef R-Cartier 
divisor on X i>n for i = 1, . . . , d + 2 and n>l. 

(2) S£ i>n C\X= Li for i = l,...,d and n>l. 

(3) There is anR-Cartier divisor L d+ i on X such thatL d+ i = if d+1 ,„nX = ££ d+2 , n ^X 
for alln>\. 

(4) If we set(pi in := g t - g^ in>S e Un )> thenMmn^ ||0 /; „||sup = for i = 1, . . . , d. 

(5) Ifwesetxp n := g^ d+l , n ,se d+hn ) ~ g& d+2 , n ,!£ d+2 , n ), then 

lim||j/'„-0||sup = O. 

n->oo 

For sequences 

\ff%\,n-> ^£\,Yi)\ n -i y ■ ■ ■ y \ff%d,ny ~^d,n)\ n= i > 

,ny^d+l,n)} n=1 > {{^d+2,ny -^d+2,n)} n=1 

satisfying the above properties, let <¥ n be a normal model ofX over Spec(/c°) together 
with birational morphisms 

l^i,n '• > 3&i,n 

for i — \,...,d. Then the following limits 

lim^^oo deg y (ju* n {S£ x>n ) ■ ■ ■ p* d n {S£ d>n ); 0) , 
lim„^ 00 deg^ (/z* n {S£ hn ) ■ ■ ■ p* d n {^ d , n );ip n ) 

exist and 
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Moreover, the above limits do not depend on the choice of the sequences 

,n> ^d,yi)\ fi=\ > 

{{^d+l,n> -^d+l.n)} n= i > {{%>d+2,n> -^d+2,n)} n=i > 

so that this limit is denoted by deg v (li • • • L d ; cj> ) . 

Proof. The existence of sequences are obvious by the relative nefhess of L x , . . . , L d and 
the integrability of cf) . 
We set 

A n = dig„ [il\ in {Se itn )- ■ ■ fJL^n&dM) , 

B n = feg v {iii n {^ ltn y--ii* dn {s£ dtn y,xp n ). 

For a positive number e, there is N such that 

||^n-0llsu P <2e(-logy(GT)) and \\(j) itn \\ sup <e{-logv(m)) 
for all n > N and i = l,...,d. Then, for n,m>N, 



Si S(xi, n ,sei,„) 
+ 



Si #(.?....</..,,) 



<2e(-logi/(c7)) 



for i = 1, . . . , d. Let us choose a normal model 3f„ >m of X together with birational mor- 
phisms t„ : 3f„, m — > W„ and z m : 2£ n ,m —* ^m- Then the above inequality implies 

so that, by Proposition 2.2.1, 

for i = l,...,d. On the other hand, 

HVn -^mllsup < llVn ~ llsup + H^m ~ llsup < 4e(-log I/(gt)). 

Therefore, by using Lemma 2.4.2, we have 

d+l 

\B n -B m \<2e^ d deg{L l ---L i _ 1 -L i+1 -L d+l ) 

(=1 

for n,m>N, which shows that the sequence {B n }™ =l is a Cauchy sequence, so that its 
limit exists. Further, as < |0 - xp n \ < 2e(-log v{ur)), by (2.4.1), we have 

\A n - B n \<edeg{L r --L d ), 

so that lim^^ooTl^ exists and lim^ooA,, = lim,^ B n . 

Let {(^'^)}r=i''"'{^+2,«'- 5 ^+2,n)}r=i be another sequences satisfying the 
above properties (1), (2), (3), (4) and (5). For the above sequences, L d+1 in the prop- 
erty (3), 4>i,n hi the property (4) and tp n in the property (5) are denoted by L' d+V (p' t n 
and xp' n , respectively. Replacing % by a suitable model of X, we may assume that there 
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are birational morphisms [i! i n : W n — > 3C' i n {i — 1, . . . , d). For a positive number e, there 
is AT such that 

HVn - 0llsu P < 2e(-logi/(c7)), ||0i, B ||Bu P < e(-log l/(tZ7)), 
JIV; - 0IU < 2e(-logi;(c7)) > II^.JU < e(-logi/(cr)) 

for all n > N and i = 1, . . . , d. Then, 



< 



+ 



Si~ g('Vn,vtn(Kn)) 



gi ~ g[&n,Vl„m,n)) 

for n > N and i = \,...,d. Therefore, in the similar way as before, 
Moreover, 

Ik" " ^'JLup - 11^" " IU + l^'n " <t> llsu P < 4e(-log i/(gt)) 
for n>N, and hence the uniqueness of the limit follows from Lemma 2.4.2. 



<2e(-logi/(c7)) 



□ 



Let be an integrable continuous function on X™. Let L 1 ,...,L i ,L i ,...,L c i be rela- 
tively nef adelic M-Cartier divisors of C°-type on X. Then it is easy to see that 



(2.4.4) deg„ (Li • • • {aU + a'L t )- ■■L d ; ( j)) 

= adeg v {L r --L r --L d ;(j)) + a'deg v (L l ---t i ---L d ;(j)) 

for a, a' e M> , and that 

(2.4.5) deg„(Ii ■■■!( I,i;0) = deg I ,(Ii—I i/ —I(—Irf;0). 

Let Li,...,L d be integrable adelic M-Cartier divisors of C°-type on X. For each i, 
we choose relatively nef adelic M-Cartier divisors L it+ \ and L; _i of C°-type such that 
Li = L/ )+1 — Li -i. By using (2.4.4), it is not difficult to see that the quantity 



^ ei • • • e d+ ideg„(Li iei ■ ■ ■ L d>ed ; 0) 



ei,...,e d+ ie{±l} 

does not depend on the choice of L^+lLj L d)+1 ,L d _ 1( so that it is denoted by 
deg(Li • • • L d ;cj)). Further, (2.4.4) and (2.4.5) extends to the following formula: 

(2.4.6) deg„(Zi ■ ■ ■ (fll, + a't i )---L d ;<p) 

= adeg v {L 1 ---L i ---L d ;(p) + a'deg v (L 1 ---L / i ---L d ;(p) 

and 

(2.4.7) deg„(Ii -I, — 1^-1^0) = deg„(Ii •••!/ ■■■L r --L d ;4>) 

for a,a'eK and integrable adelic M-Cartier divisors L\,...,L i ,L i ,...,L d of C°-type on 
X Here let us consider a consequence of Proposition 2.4.3. 

Proposition 2.4.8. Let L\ = (Li, gi), ...,L d — [L d ,g d ] be integrable adelic R-Cartier di- 
visors of C° -type on X, and let cjj be an integrable continuous function on Xf 1 . If Li = 0, 
then 

deg v {L l — L i — L d ;4>) = deg y (Z 1 ■ • • (0, <p ) • • • L d ; gi). 
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Proof. For j = 1, . . . , d, let 

L jt+1 = {L jt+1 ,g jt+1 ) and L ; -_i =(L ; _ 1 ,g ; _ 1 ) 

be relatively nef adelic M-Cartier divisors of C°-type on X such that Ly = Lj i+l — L ; - _i. 
Moreover, we choose relative nef adelic M-Cartier divisors 

Ld+i,+i = {Ld+\,+\>gd+\,+i) and L^+i _i = (L^+i-i. 
of C°-type on X such that - = (0, 0). Then there are sequences 

,+l,n> ,+l,n)} n= l » {C^l ,-hn>^h-hn)} n= i >•••> 

,+l,n)} M= l > {(^d+l,-l,n>^d+l,-l,n)} n= i 

satisfying the following conditions: 

(a) ^}, e ,n is a normal model of X over Spec(/c°) for j = 1, . . . , d + 1, e = ±1 and n > 1. 

(b) i^;, e ,n is a nef M-Cartier divisor on 9£j, e ,n such that S£j >e>n nl = L ; , e for j = 
l,...,d + l, e = ±l and n > 1. 

(c) If we set M „ = gj,, g( ,,,„.■/, ..,.)< thenlim B _ w ||0 MB || 8U p = Oforj = l,...,d + l 
and e = ±1. 

Here we set 

d+l,+l,n> d+l,-l,n>-^d+l,-l,n)> 
On = g(.3Ci,+l,n,&i,+l,n) ~ SWi.-l.n.Xi.-l.nY 

Then, by Proposition-Definition 2.4.3, 

limdeg y (if Ul> „---if I> e,, ra ---i?rf, ed ,„;V'«) = deg y (Li,e 1 ---Ii,er--^,e d ;0) 

n—>oo 

and 

lim deg v {£? heun ■ ■ ■ & d +i,e a+1 ,n ■ ■ ■ S£ d , ed<n ; 9 n ) 

n— >oo 

= deg v (L hei ---L d+lied+1 --L d>ed ; g t ). 

Therefore, if we set S£ i>n — 2£i,+i, n — i£i-\,n for i = 1, . . . , d + 1, then 

i 

lim^oo deg y {S£ l>n ■■■S£ iin ---S£ d>n ;xp n ) = deg y (Li ■■■L i ---L d ;(p), 

lim^oo deg^ifi.n • • • S£ d+hn • • - i? d) „; 0„) = deg„(Zi ■ • • (0, 0) • • -L d ; gi). 

On the other hand, note that 

d^ v {^i, n ---^i >n ---^ d , n ;tp n ) = d^ v {^i >n ---^ d+hn ---S^ d y,e n ). 
Thus the assertion of the proposition follows. □ 
The results of this subsection leads to the following definition: 

Definition 2.4.9. Let L x = {L lt gi),...,L d+ i =(L d+1 ,g d+1 ) be integrable adelic M-Cartier 
divisors of C°-type on X. By Proposition 2.4.8 and (2.4.7), if L t = for some i, then 

deg u {L v --L d+l ) 

is well-defined, that is, 

degytli • • • L d+ i) := deg y (Li • • • L,-_i • L i+1 ■ ■ ■ L d+l ; gi). 
Moreover, it is symmetric and multi-linear. 
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Proposition 2.4.10. Let Li,...,L d be integrable adelic R-Cartier divisors of C° -type on 
X, and let and cf>' be continuous functions on X an . Then we have the following: 

(1) For/GRat(X)^dii„(((A-log|/| 2 )-I 2 -I rf;( /)) = 0. 

(2) IfL lt ...,L d are relatively nefand 0' <<p on Xf 1 , then 

deg„ (Ii ■■■L d ;<p')< deg^Ij • • • L d ; ). 

(3) Let 

Li,i = gi,i), Li-i = gi-i), • • • , 

^d,i = {L dt i, g d ,i), L d -i = [L d -i, gd,-i) 

be relatively nef adelic R- Car tier divisors of C Q -type on X such that L t = L itX — 
Li -i for i = l,...,d. Then 

Il0llsup 



deg v {L v --L d ;(p) 



< 



-2logl/(G7) 



^ deg(L Ul ---L dy£d ). 



ei,...,e d e{±l{ 

Proo/ Let X be a normal model of X over Spec( k°) and let Jafi, if 2 , . . . , S£ d be M-Cartier 
divisors on $T 

(1) By the definition of degj,, we have deg v {{f)s ■ ££2 ■ ■ ■ J£ d ;(p) = 0. Thus (1) follows. 

(2) If S£ l} ...,S£ d are relatively nef, then deg y (^--- S£ d ;<^') < dlg v (^ ■ ■ ■ i£ d , 0) (cf. 
(2.4.1)), so that we have (2). 

(3) First of all, note that 

deg u (I 1 ---I rf ;0)= ^ ei---e rf deg ! ,(I Ul ---Z rf>ed ;0). 

ei,...,e d 6{±l} 

Therefore, by using (2), 



< 



I 



ei,...,e d e{±l} 



0) 



- X! degi/C^Lei — ^.edlll^Hsup) 
ei,...,e d e{±l} 

110 ILp 



-2\ogv{xn) 



2] deg(Ii, ei ---I d , e J, 



ei ,...,e d e{±l} 



as required. 



□ 



Finally let us consider Zariski's lemma for integrable functions. We assume that 
dimX = 1 and v is complete. Let C;° nt (X an ) be the space of integrable continuous func- 
tions on X aa . Let 

(,):C°JX an )xC°^X an )-M 

be a map given by (ip, ip) := deg y ((0, p); xp) = deg y ((0, ip) ■ (0, ip)), which is bilinear and 
symmetric (see Definition 2.4.9). 

Lemma 2.4. 11 (Zariski's lemma for integrable functions). The above pairing ( , ) is neg- 
ative semi-definite. Moreover, for p e C° nt {X an ), (p, ip) =0 if and only if<p is a constant 
function. 
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Proof. The proof can be found in [32]. For reader's convenience, we prove it here. Let 
M(X an ) be the group of model functions on X an (cf. Subsection 3.2). Then, by virtue of 
Zariski's lemma (cf. [27, Lemma 1.1.4]), for 9 e M(X an ) <8> z M, {6,0) < 0. Therefore, by 
the density theorem (cf. Theorem 3.3.3) together with Proposition-Definition 2.4.3, we 
can see that {ip, ip) < for all ip e Cj° nt (X an ). Thus ( , ) is negative semi-definite. Clearly 
if (p is a constant function, then (ip, ip) = 0. Conversely, we assume {ip, ip) = 0. Then, by 
[27, Lemma 1.1.3], (ip, ip) = for all xp e Ci° nt (X an ). 

Let X be a regular model of X over Spec(/c°) and X Q = fliCH h a r C r the irre- 
ducible decomposition of the central fiber X Q as a cycle. Let X/ be the point of X an 
corresponding to C ; . For i = I, . . . , r, if tp t = g^r.c,). then 

deg (q ■ Y[ ip{Xj)aj Cj] = -2log v(w)Y [ ^ X})a / deg(Q • C } ) 
V ^7=1 V "j=i -2logy(oj) 

= -21ogi;(cT)(j/j !( ^)=0. 
Therefore, by the equality condition of Zariski's lemma (cf. [27, Lemma 1.1.4]), we have 

<p(x 1 ) = — = <p(x r ). 

Let X^? be a subset of X an consisting of valuations arising from irreducible compo- 
nents of the central fiber of any regular model of X. The above observation shows that 
ip van is a constant function a. We set A := tp — a onl™. By the density theorem, for any 

positive number e, there is 9 e M(X an ) ® z M such that \X-6\<e. Thus |0(x)| < e for all 
x e X^?, which implies that |# | < e on X an . Indeed, if 6 is given by a vertical M-Cartier 

divisor = CiQ H h c r C r on some regular model as before (i.e. 9 = g(,r,e)). then 

Cj = ai9{Xi)/{—2\ogv{xu)), so that 

-(e/(-21og v{pj)))X < < (e/(-21og y(cr)))X, 

which means that \9 \ < e on X an . Thus |A| < 2e, and hence A = 0. □ 

3. Local and global density theorems 

The density theorem in terms of global model functions was established by Gubler 
[12, Theorem 7.12] and X. Yuan [30, Lemma 3.5]. Recently an elementary proof was 
found by Boucksom, Favre and Jonsson [6]. Unfortunately, they assume that the char- 
acteristic of the residue field is zero, which is a strong restriction for our purpose. In 
this section, we will give a proof of the density theorem in general by using their ideas. 

Let k be a field and v a non-trivial discrete valuation of k. Note that v is multiplica- 
tive. Let xjj be a uniformizing parameter of k°, that is, k°° = tuk° (for the definition of 
k° and k°°, see Conventions and terminology 0.5.2). Let X be a projective and geomet- 
rically integral variety over k and let Rat(X) be the rational function field of X. 

3.1. Vertical fractional ideal sheaves and birational system of models. Let 3C be a 

model of X over Spec(/c°) (cf. Conventions and terminology 0.5.5). The central fiber 
of X -» Spec(fc°) is denoted by X , that is, X := X x 

Spec(fc°) Spec(/c°//c°°). A non-zero 
coherent subsheaf J of Rat(X) on X is called a fractional ideal sheaf on X . It is said to 
be vertical if there is m € Z> such that xu m J? is an ideal sheaf and Supp(^ /-uj m J) c 
Xo. Let @ be a vertical Cartier divisor on that is, Supp z (@) c ^r o (for the definition 
of Supp z , see Subsection 1.1). Note that Ggei®) is a vertical fractional sheaf. Indeed, 
let E, & Xo and / a local equation of S> at £. Then / is a unit element of ((^«,?)s) P for 
all p e Spec((^r,f ) s ), where S is a multiplicative set given by {1, gj, cj 2 , . . .}, and hence 
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/ e {0sc,£)s- Thus we can find m? e Z> such that cj m f / e This observation shows 
that w m 6 X {9)) c X for some m e Z> , as required. 

A set ^ of models of X is called a birational system of models ofX if the following 
conditions are satisfied: 

(1) For any X e and any vertical fractional ideal sheaf J on there is X' G vl/ 
together with a birational morphism v : X' — > $T such that ^ is invertible. 

(2) For any X\,X 2 e vf, there is ^T 3 e ^ together with birational morphisms v x : 

X% — * X\ and v 2 • X% — * X\. 

Remark 3.1.1. The set of all models of X is a birational system of models of X. In 
addition, fixing a model 3f of X, the set of all models X over 2f (that is, there is a 
birational morphism X — > 3f) forms a birational system of models of X. 

3.2. Model functions. We assume that v is complete. Let X — > Spec(fc°) be a model of 
X. Let J be a vertical fractional ideal sheaf on X. According to [6, Subsection 2.3], we 
define a function log \J | on X an to be 

logL/|(x):=logmax{|/z(x)| \hejf rxM }, 

where r x '• X an — > X is the reduction map induced by the model X. For example, 
\o%\xn6 x | = logger). Note that log \J\ = \o%\^ 6 X \ for a birational morphism v : X' — * 
X of models of X and a vertical fractional ideal sheaf J on X. Moreover, if J is in- 
vertible, then log 1^1 = g( X} j)l2 (cf. Subsection 2.1). Let us fix a birational system of 
models of X. A function ip on X an is called a model function with respect to if there are 
X and a vertical fractional ideal sheaf ^ onX such that </? = log \^\. The set of all 
model functions with respect to * is denoted by M(X an ; Then we have the following 
generalization of [6, Proposition 2.2]. 

Proposition 3.2.1. (1) For tp e M{X an ;^), there are X e and a vertical Cartier 
divisor @ on X such that ip = log|^ (@)|. In particular, M(X an ; vt) forms an 
abelian group andM{X an ;ty) c C°(X an ) {cf Proposition 2.1 .4). 

(2) For ipi,ip 2 e M{X an ; #), max{(/?i, (^ 2 | e M(X an ; 

(3) Forx,y eX an withx/y, there is ip eM(X an ;\I>) such that ip{x)^ (p{y) 

Proof. The assertions of the proposition can be proved by the ideas of [6, Proposi- 
tion 2.2]. 

(1) We choose X € * and a vertical fractional ideal sheaf J on X such that ip = 
\o%\J\. By our assumption, there is X' e together with a birational morphism v : 

— > $T such that ^ G x > is invertible, that is, there is a vertical Cartier divisor Qi' on ^T' 
such that J Ox' = X '{&). Clearly log \J \ = log 1 6 X '{9)% as desired. 

(2) By (1) and the property of we can find f 6* and vertical Cartier divisors 
®i and @> 2 on ^ such that y x = \og\0 x {%)\ and ip 2 = log\0 x {2s 2 )\. If we set J = 
$r (@i) + ^f(®2) in Rat(X), then ^ is a vertical fractional ideal sheaf of X and log \J \ = 
maxtyi, y> 2 }- 

(3) Fix e First we assume that r x (x) ^ r x {y). Let m be the maximal ideal at 
r x (x). Then log|m|(x) < and log|m|(y) > 0, as desired. Next we assume that £ = 
r x {x) — r x {y). Let ^/ = Spec(js/) be an affine open neighborhood of £. We can find 
f such that 7^ |/| y . Since $T is noetherian, there is an ideal sheaf J onX such 
that J? = f 6 :X f . For each m e Z >0 , we set ^ = =y + xu m 6 X . Note that J m is a vertical 



ADELIC DIVISORS ON ARITHMETIC VARIETIES 3 1 

ideal sheaf on X . Moreover, 

flog \J m \{x) = max{log \f\ x , m log v{vj)}, 
\log \J m l(y ) = max{log \f\ y , m log i/(gj)}, 

where log(O) = — oo. As \f\ x # \f\ y and v{pj) < 1, if m is sufficiently large, then 

log|/ m |(x)^log|/ m |(y), 

as required. □ 

3.3. Density theorems. Let k v be the completion of k with respect to v. By abuse of 
notation, the unique extension of v to k v is also denoted by v. We set X v — X x Spec ( fc ) 
Spec(/c y ), which is also a projective and geometrically integral variety over k v . For a 
model X — > Spec(fc°) of X, X v := X *s vec (k°) Spec(/c°) is also a model of X v by (1.1) in 
Lemma 1.3.7. The projection X v — > X is denoted by n x . Let be a system of models 
ofX 

Proposition 3.3.1. <b v := \X V \ X e forms a system of models ofX v . 

Proof. The assertion follows from (2) in the following lemma. □ 

Lemma 3.3.2. (1) Let J? v be a vertical ideal sheaf on X v . Then there is n e Z> such 
thatvj n Xv <^J v . 

(2) Let J? v he a vertical fractional ideal sheaf on X v . Then there is a vertical frac- 
tional ideal sheaf J? onX such that J G Xv = J? v . 

Proof (1) For £ e [X v \, {G Xv ,dWds = because Supp(0 x Jf v ) c (#■„)„, where S is a 
multiplicative set given by {1, gj, tu 2 , ...}. Therefore, 

for some m? e Z> , and hence G7 m ? $r„,? c (^,) ? . Thus the assertion follows. 

(2) Clearly we may assume that J v is an ideal sheaf. Then, by (1), there is n e Z> 
such that m n 0x v c J v . As 

we can find an ideal sheaf ^ on X such that uj n 6 :x c ^ and ^ v lw n 6 Xv ~ ^ /xu n x , 
so that we can easily see that ^ ^ = ^ . □ 

Theorem 3.3.3 (Local density theorem). M(X^ n ;*„)® z Q isdenseinC°{Xl n ) with respect 
to the supremum norm \\ • || sup . 

Proof We set T = X™ and S = M(X™; *„) ® z Q. It is well known that T is a compact 
Hausdorff space (cf. [2, Theorem 3.4.8]). Thus, if we can check the conditions (1) - (4) 
in Lemma 3.3.4, we have the assertion. 

(1) follows from (3) in Proposition 3.2.1. 

(2) Note that log i/(gt) e M(X^ n ; $„)CI. 

(3) is obvious. 

(4) Let us check that max{^i,i/) 2 } e S for tpi,tp 2 e S. We choose n e Z >0 such that 
«^,ny 2 eM(I^;*„). Then, by (2) in Proposition 3.2.1, 

nmax{rjji,ip 2 } = max{nijji,nip2} 
and hence max{ip i,ip 2 ] e S- □ 
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Lemma 3.3.4. Let T be a compact Hausdorff space. Let E be a subset ofC°{ T) with the 
following properties: 

(1) For anyx,y e T with x/y, there isfeY, such that f{x) ^ f{y ). 

(2) M x ns^0. 

(3) E forms a Q - vector space. 

(4) For/,geE,max{/,g}eE. 

Then E is dense in C°{T) with respect to the supremum norm \\ • || sup . 

Proof. Let E be the closure of E with respect to || • || SU p- Then it is easy to see that E has 
the following properties: 

(1) ' Foranyx.y e T with x ^y, there is / e E such that f{x) ^ f{y). 

(2) ' leE. 

(3) ' E forms an M-vector space. 

(4) ' For/,geE,max{/,g}eE. 

Thus, by [15, Theorem 7.29], E is dense in C°(T). Note that E = E. Therefore the asser- 
tion follows. □ 

Definition 3.3.5. A function ip on X™ is called a global model function with respect to vl> 
if there are X e vl> and a vertical fractional ideal sheaf J on X such that (p = log \J Xv |. 
The set of all global model functions with respect to * is denoted by M{X; 

By using (2) in Lemma 3.3.2, we can see 

M{X;<l') = M{Xl n ;^ v ), 

Thus the local density theorem (cf. Theorem 3.3.3) implies the following main result of 
this section. 

Theorem 3.3.6 (Global density theorem) . M(X; *) <g> z Q is dense in C°{Xl n ) with respect 
to the supremum norm \\ • || sup . 

The following theorem is an application of the global density theorem. 

Theorem 3.3.7 (Approximation theorem of adelic M-divisors). We assume that k° is 
excellent and X is normal. Let D = {D, g) be an adelic R-Cartier divisor of C° -type on 
X. For any positive number e > 0, there is a normal model X ofX over Spec(fc°), and 
R-Cartier divisors S>i and ® 2 onX such that 

D-(0,e)<@i <D<9 2 <D + {0,e). 
Proof. Let us begin with the following claim: 

Claim 3.3.7.1. For a positive number e, there is a normal model X ofX over Spec(A: ) 
and anR-Cartier divisor Qs onX such that @nl = D and 

llgor,@)-gllsup<e/2. 

Proof. First let us choose a model X of X over Spec(fc°) and an M-Cartier divisor % on 
X such that D = %nX. Let go be the D-Green function of C°-type on X* n arising from 
the model {X , %). We set cp := g—go- Then <p is a continuous function on X™. Let vE* be 
the set of all models of X over X (cf. Remark 3.1.1). By the global density theorem (cf. 
Theorem 3.3.6), there is a global model function if on X* n with respect to ^ such that 
||0 — V 7 lUup < e/2, that is, there are a model X' in vl> together with a birational mo rphism 
\x:X'^> X , a vertical Cartier divisor 8' on X' and a e Q such that (p = ag( X > iS >y Let 
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n : X -* X' be the normalization of X' and S> := aif(g') + 7r*(/i*(S> )). As is an 
excellent, n is a finite morphism, that is, X e <J>. In addition, g(,r,@) = </? + go- Therefore, 
we have the assertion of the claim. □ 

We set gi = g (Xi9) - e/2 and g 2 = g {x &) + e/2. Then 

g-e<gi<g<g 2 <g + e 

on X^ n . Moreover, note that the global model function arising from the central fiber of 
X — * Spec(fc°) is a constant function. Thus the assertion follows. □ 

4. Adelic arithmetic M-Cartier divisors 

In this section, we will introduce adelic arithmetic M-Cartier divisors on arithmetic 
varieties and investigate their several basic properties. 

Throughout this section, let K be a number field and let X be a d -dimensional, pro- 
jective, smooth and geometrically integral variety over K. 

4.1. Definition and basic properties. Let Ok be the ring of integers in K. We denote 
the set of all maximal ideals of K by M K . For P e M K , the valuation v P of K at P is 
given by 

v P {x) = #{0 K /PT mMx) - 

Let K P be the completion of K with respect to v P and let X P := Xx s pe c(ic )Spec(Xp), which 
is also a projective, smooth and geometrically integral variety over K P . Let X{C) be the 
set of all C-valued points of X, that is, 

X(C) := {x : Spec(C) — > X | x is a morphism as schemes} . 

Note that X(C) is a projective complex manifold and X{C) is not necessarily connected. 
Let Foo : X{C) — » X(C) be the complex conjugation map, that is, for x e X(C), Foo{x) is 
given by the composition of morphisms 

Spec(C) Spec(C) and Spec(C) X, 

a 

where Spec(C) — > Spec(C) is the morphism arising from the complex conjugation. The 
complex conjugation map Foo : X{C) —* X(C) is an anti-holomorphic isomorphism. 
The space of Foo -invariant real valued continuous functions on X{C) is denoted by 
C£jX(C)),thatis, 

C°JX(Q) := {/ e C°(X(C)) | / o Foo = /}. 

Definition 4.1.1. A pair D = (D, g) of an M-Cartier divisor D on X and a collection of 
Green functions g = {gp}p e M K U {goo} is called an adelic arithmetic R- Car tier divisor of 
C°-type on X if the following conditions (1) and (2) hold: 

(1) For all P e M K , g P is a D-Green function of C°-type on Xp n . In addition, there 
exist a non-empty open set U of Spec(CV), a normal model X u of X over U 
and an M-Cartier divisor S>u on such that %nl = D and gp is a D-Green 
function induced by (X Ut 3>u) for all P e U n M^. 

(2) The Green function g^ is a D-Green function of C°-type on X(C) such that g^ = 
goo F» (cf. [26, Section 5]). 
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Moreover, a pair D = {D, g') of an R-Cartier divisor D on X and a collection of Green 
functions g' = {g P }p e M K is called a global adelic R-Cartier divisor of C° -type on X if the 
above condition (1) holds for {g P }peM K , that is, g' P is a D-Green function of C°-type 
on X p n for all P e Mjf , and there exist a non-empty open set U' of Spec(Ojf), a normal 
model Xy, of X over U' and an M-Cartier divisor on #T^, such that 3>' u ,nX = D and 
g p is a D-Green function induced by (X^„ & u i) for all PeC/'n M K . 

The pair (^Ty, ©{/) in the condition (1) is called a defining model ofD over U. If we 
forget the Green function g^ on X(C) from D, we have a global adelic M-Cartier divi- 
sor on X, which is denoted by D and is called the truncation ofD. For simplicity, a 
collection of Green functions g = {gp}p e M K U {goo} is often denoted by the following 
symbol: 

g= X ^[ p ] + £oo[oo]. 
Let Rat(X) be the rational function field of X For ip e Rat(X) x , we define {(p) to be 
(?) == I (V). X (-logl^| 2 )[P] + (-log|(^oo| 2 )[oo] ) , 

V PeMjf y 

where (/?p and are the rational functions on Xp n and X{C) induced by ip , respectively. 
The adelic arithmetic divisor (</?) is called an adelic arithmetic principal divisor. Let 
D x = (Di, gi) and D 2 = (D 2 , g 2 ) be adelic arithmetic M-Cartier divisors of C°-type on X. 
For fli, a 2 e M, we define aiDi + a 2 D 2 to be 

fliDi + a 2 D 2 := {aiDi + a 2 D 2 ,aigi + aig 2 ), 

where aigi+a 2 g2 = Xp e MK( ai ^ 1 ^ +a2 ^ 2 ^^ p ] + ( ai ^ 1 ^ +a2 (S r ^ 00 ^ 00 ]- The s P ace of 
all adelic arithmetic M-Cartier divisors of C°-type on X is denoted by Div c0 (X) K , which 
forms an IR-vector space by the previous definition. Moreover, we define Di < D 2 by 
the following conditions: 

(a) D x < D 2 . 

(b) [gi) P < (g 2 )p for all P e M K and (gik < (g 2 )oo. 
Similarly, for global adelic M-Cartier divisors 

{Di,{{gi) P } P& M K ) and {D 2 ,{{g 2 ) P } PeMK ), 

(D u {tgi) P }peM K ) < {D z , {{g 2 )p} P eM K ) 

is denned by D x < D 2 and [gi) P < {g 2 ) P for all P e M K . 

Let X be a normal model of X over Spec(Ojc) and let ® = (@, g^) be an arithmetic 
M-Cartier divisor of C°-type on X (cf. [26, Section 5]). The pair (X , ®) gives rise to an 
adelic arithmetic M-Cartier divisor of C°-type on X, that is, 



SmX, X ff(«in.%o)[ i> ] + ffoo[oo] , 

V PeMjf y 



where is the localization of X — » Spec(0^ ) at P and is the resection of @ to $T( P ). 
We use the symbol X^ to distinguish it from X P at the beginning of this subsection. We 
denote it by 9) and it is called the associated adelic arithmetic R-Cartier divisor with 
Qi. Note that (ip) = j for ip e Rat(^) x , where {<p).<z is me arithmetic principal 
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divisor of (p onX. Similarly, the associated global adelic R-Cartier divisor ® a withQ) is 
denned by 

@ a := (®nx,{ g( ^ ))%)) } peM J. 

By abuse of notation, we often use the notations ® < D 2 and Di < 9) instead of ^ < 
D 2 and Di < @ respectively. The following proposition is the arithmetic version of 
Proposition 2.2.1 and it follows from Proposition 2.2.1. 

Proposition 4.1.2. Let X be a normal model ofX over Spec{0 K ) and let Div c o{X) K be 
the space of arithmeticR-Cartier divisors of C° -type onX . Let 

t:Div c o(^) ffi ^Div^ (X) ffi 

be the map given by&^> $> a . Then we have the following: 

(1) The map i : Div c o(^T) R — > Div^oCKV is an injective homomorphism ofR-vector 
spaces. 

(2) ®!<®2^®i<@2- 

The following theorem is a consequence of Theorem 3.3.7. 

Theorem 4.1.3 (Approximation theorem of adelic arithmetic M-divisors). LetD = {D, g) 
be an adelic arithmetic R-Cartier divisor of C° -type on X and let{X v , ® y ) be a defining 
model ofD over a non-empty open set U c Spec(CV). For any positive number e > 0, 
there exist a normal model X e over Spec(Ojf), and R-Cartier divisors @i and @ 2 on X e 
with the following properties: 

(1) X e \ u = X u , & l \ u = &u and & 2 \ v = 2>u._ 

(2) If we sets = M K \U,9> } = (® lf g^) and S> 2 = (®2> goo), then 

D- 0,^e[P] <®\<D<~9) a 2 <D+ 0,^e[P] 

4.2. Global degree. Let D = {D, g) be an adelic arithmetic M-Cartier divisor of C°-type 
on X. Let x be a closed point of X. First we assume that x ^ Supp M (D). For P e M K , 
the local degree of D over the valuation v P is denoted by deg P {D\ x ) (cf. Subsection 2.3). 
Moreover, deg^-D^) is defined by 

— _ 1 

degJDU := - ^ SMa), 

where K{x) is the residue field at x and x CT is the C -value point given by 

x , x ^K(x)^C. 

Let U be a non-empty Zariski open set of Spec(Ojf ) such that D has a defining model 
[Xu, 3>u) over U. Let A x be the closure of x in X u . Shrinking U if necessarily, we may 
assume that A x n Supp(®;y) = 0, which implies that deg p (D| x ) = for P e U. Therefore, 
we can define deg(D| x ) to be 

deg(D| x )= ^ dTg P (5\ x ) + dTgjD\ x ). 

PeM K 

Note that 

(4.2.1) d£g((5)U) = 
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for (p G Rat(X) x with x £ Supp(( (/?)). In general, we can find G Rat(X)^ such that 
x ^Supp(D + (0)) (cf. [26, Lemma 5.2.3]). By using (4.2.1), we can see that the quantity 
deg(D + (0)| x ) does not depend on the choice of 0, so that it is denoted by deg(D| x ) 
and is called the global degree ofD along x. The equation (4.2.1) can be generalized as 
follows: 

(4.2.2) dei((V0|J = O 

for all^eRat(X) x . 

Lemma 4.2.3. LetDi = (Di, gi) andD 2 = [D 2 , g 2 ) be adelic arithmeticR-Cartier divisors 
of C° -type onX. IfDi = D 2 and gi < g 2 , thendeg{Di\ x ) < deg{D 2 \ x ) for all closed points 
xofX. 

Proof. As Di = D 2 and gi < g 2 , there are non-negative continuous functions (p P on Xp n 
and 0oo on X(C) such that {g z ) P = (gi) P + P and (g 2 )oo = (gi)oo + 0oo. respectively. We 
set = X P6Mjf <M p ] + 0oo[oo]. Then, as deg((0, 0)|J > 0, 

deg(D 2 U) = HegCDiU) + deg((0, 0)U > deg^U), 
as required. □ 

4.3. Volume of adelic arithmetic M-Cartier divisors. Let D be an IR-Cartier divisor on 
X, d' = {D, g') a global adelic M-Cartier divisor of C°-type on X, and D = {D, g) an 
adelic arithmetic M-Cartier divisor of C°-type on X. We define H°(X, D), H°{X,d') and 
H°{X,D) to be 

f H°(X, D):={ipe Rat(X) x | D + {ip)> 0} U {0}, 
H°(X,D ) := {if G H°{X,D) | l^llg/ < 1 for all PeM K } , 
H%X,D) :={<pe H°(X, D) \ \\ ip \\ gp < 1 for all p G M K U {oo}} . 

Note that H°{X, D) is a submodule of H°{X, D) by using Proposition 2.1.3. Let us check 
the following proposition: 

Proposition 4.3.1. (1) H°{X, D) and H°{X, D) are given in the following ways: 

H%X,d') = G Rat(X) x | D' + (ff > o} U {0}, 
H°{X,D) = {<pe Rat(X) x | D + (J) > o} U {0}. 

(2) We assume that I) = D . If there are a normal model X ofX over Spec(Ojf) and 
an R-Cartier divisor 9) onX such that ( 2>r\X = D and g P is the Green function 
arising from [3C , Qs) for each P G M K , then 

H\X,d') = H\9£,$) and H\X,D) = H\3C,{®, goo))- 

(3) H°{X, D) is a finitely generated free Z-module and H°{X, D) is a finite set. We 
denote\og#(H°{X,D)) byh\X,D). 

Proof. (1) Note that 

IMI g0O <l <=> goo-logM 2 >0onX(C) 

and 

IMI gJ .<l <=> gp-log|(^| 2 >0onX^ 
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for P e M K . Thus (1) follows. 

(2) The assertions of (2) follow from (1) and Proposition 4.1.2. 

(3) Clearly we may assume that D T = D. We can find a normal model X of X over 
Spec(Ojf ) and an arithmetic M-Cartier divisor @ = (®, h) of C°-type on 3C such that 
D<® a . Thus _ 

H%X,d') C @ a ) = H°(3£, C J) 

by (2). Note that H°($r, @) is a finitely generated free Z-module, so that H Q (X,~D) is 
also a finitely generated free Z-module. Since H°{X, D) c H°(3£, ®), the last assertion 
is obvious. □ 

Definition 4.3.2. Let D = (D, g) be an adelic arithmetic M-Cartier divisor of C°-type on 
X. The quantity /(X, D) is defined by 

X{X,D):=x(H°{X,D T ),\\-\\ goo ) 
(cf. Conventions and terminology 0.5.3). Note that 

h\X,D) = h (H\X,D T ),\\-\Q. 
Moreover, we define the volumevo\{D) ofD and the % -volume vol X {D) ofD to be 

vol(Dj := limsup , , , - , - 

n ^ n d+l /{d + \)\ 

and _ 

vol z (D): = hmsup nrf+1/(rf + i)! ^ ^ 

respectively where d = dimX By Minkowski's theorem, vol z (D) < vol(D). Let L = 
{L, la) be another adelic arithmetic M-Cartier divisor of C°-type on X. Clearly, if L < D, 
then h°{X,L) < h°{X,D) andyol(I) <vol(5). Further, by (1.3.3J0, if I < D and L = D, 
then %{X, L) < /(X, D) and vol z (L) < vo\ x {D). For the symbol \\, vol^D) stands for either 
vol(D) or vol z (D), that is, 

^_ fvd(D) if \\ is blank, 
volh(D) = { — _ 

^ \voL.(D) if^isj. 

4.4. Positivity of adelic arithmetic M-Cartier divisors. Here let us introduce several 
kinds of the positivity of adelic arithmetic divisors. 

Definition 4.4.1. Let D = (D, g) be an adelic arithmetic M-Cartier divisor of C°-type on 
X. 

• Big: We say D is big if vol(D) > 0. According as [21], we can give an alterna- 
tive definition, that is, for any adelic arithmetic M-Cartier divisor L of C°-type on X, 
H°(X, nD + L) ^ {0} for some positive integer n. Actually two definitions are equivalent 
by the continuity of the volume function. 

• Pseudo-effective: D is said to be pseudo-effective if D + A is big for any big adelic 
arithmetic M-Cartier divisor A of C°-type on X. 

• Relatively nef: D is said to be relatively nef 'if the following conditions are satisfied: 

(1) For P e M K , g P is of (C° n PSH)-type. 

(2) The Green function g^ on X(C) is of (C° n PSH)-type, that is, the first Chern 
current C\{D, g^) is positive. 
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If [Xu, @u) is a defining model of D, then @y is relatively nef with respect to X u — > LA 
by Proposition 2.1.7. 

• Nef: We say D is ne/if D is relatively nef and deg(D| x ) > for all closed point x of X. 
For example, if e Rat(X) x , then the adelic arithmetic principal divisor (0) of is nef. 

Let us see the following proposition. 

Proposition 4.4.2. LetD = {D, {gp]p e M K U {goo}) be an adelic arithmetic R- Car tier divi- 
sor of C° -type on X. Then we have the following: 

(1) Let U he a non-empty open set of Spec(Ojc) such that there is a defining model 
{%u, QSu) ofD over U. IfD is relatively nef then there are sequences \{X n , ®«)}* =1 
and{{X n ,Q}' n )}^ =l with the following properties: 

(1.1) For every n>\,X n is a normal model ofX overSpec{0 K ) such that X n \ u = 

ay 

(1.2) For every n>l,9> n and Qs' n are relatively nefR-Cartier divisors on X n such 
that® n \u = %\u = ®u- 

(1.3) (%,g„Y<D<{® n ,g 9i YfDTalln>\. 

(1.4) If we set 

4>n,p ■= gp - g((!K n \ P) , (@„) (P) ) and 4>' n P := g P - g^„\ P) , (sg (P) ), 

then 

lim ||0„, P ||sup = lim \\cj)' || sup = 0, 

n— >oo n— >oo ' 

where {9£ n \ P ) is the localization of X n — > Spec(Ojf) at P and {Qs n \p) and 
are the restrictions of Qs n and@>' n to{9C n \ P ), respectively. 

(2) If D is nef then D is pseudo-effective. 

(3) IfD isbigonX andD is pseudo-effective, thenD+{0,e[oo]) is big for any positive 
number e. 

Proof. (1) By Proposition 2.1.7, 2>u is relatively nef with respect to X\j — > U. Thus the 
assertion follows from Proposition 2.1.8. 

(2) Let us choose a non-empty open set U of Spec(Ojc) such that D has a defining 
model over U. Let X be a normal model of X over Spec(Ojf ) and let j4 be an arithmetic 
Cartier divisor of C°°-type on X such that 

~3-{y F P ,o] 

is ample, where F P is the fiber of X — > Spec(Ojf ) over P. It is sufficient to show that 
D + ejs/ is big for all e e M >0 . By (1), we can choose a normal model X' of X over 
Spec(Oj^) and a relatively nef M-Cartier divisor 9) on such that 

We may assume that there is a birational morphism p,:X'^>X. Then (@, g^) is nef by 
Lemma 4.2.3 and 

[{% goo ) + ^ - (X PeMjrW ft, o) ) ) a < D + 

Note that (®, goo) + e/i* (j?- (XpeM^uft- )) is nef and big by [26, Proposition 6.2.2], 
as required. 
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(3) Let A be a big adelic arithmetic M-Cartier divisor of C°-type on X. Let us see the 
following claim: 

Claim 4.4.2.1. There are m € Z >0 , e Rat(X) x and Ael such that 

mD-I+(^) + (0,A[oo])>0. 

Proof. Since D is big on X, there are a positive integer m and a non-zero rational func- 
tion </> on X such that mD—A+[xp) is effective. We set (L, ft) := mD-A+(i/>). Let [/be a 
non-empty open set of Spec(Ojf ) such that L has a defining model S£\j over C7. As L> 0, 
shrinking U if necessarily, we may assume that S£u is effective. In particular, h P > for 
PeM K nU. Thus there is A' e M such that 

We choose N eZ>^such that -A' + 2 ord P {N)#{0 K /P) > for all P e M K \ U. If we set 
A = rnD-~A + {Nxp), then 

A = (L,h) + (iV) 



>(o, ^ (-A / + 2ordp(AA)#(0 Jf /P))[P]-(A / + logAr 2 )[oo] 



>(L,h)+(0, 2^ 2ord P (N)#(0 Jf /P)[P]-logA^ 2 [oo] 



PeM K \U 

>(0,-(A' + logiV 2 )[oo]), 

as required. □ 

Let n be a positive integer such that A/(n + m) < e. Then 

D + (l/n)(Z-(0))<D + (l/n)(mD + (O,A[oo])) 

= {{n + m)/n)(D + (0, A/(n + m)[oo])) 

<((n + m)/n))(D+(0 ( e[oo])), 

so that we have the assertion. □ 

In addition to the above positivity, an adelic arithmetic M-Cartier divisor D of C°- 
type on X is said to be integrable if there are relatively nef adelic arithmetic M-Cartier 
divisors D and D of C°-type on X such that D = D — D . The set of all integrable 
adelic arithmetic M-Cartier divisors of C°-type on X is denoted by Div int (X) K . Note that 
Dh/ nt (X) K forms a subspace of Div a c0 (X) R over M. 

Remark 4.4.3. Let X be a normal model of X over Spec(Ojf ). We recall that an arith- 
metic M-Cartier divisor of C°-type on X is said to be integrable if there are relatively 
nef arithmetic M-Cartier divisors 3> and @> of C°-type on X such that @ = ® — @ (cf. 
[27, Subsection 2.1]). 

Finally let us introduce the relative nefness of a global adelic M-Cartier divisor. 

Definition 4.4.4. Let D = [D, igp}p e M K ) be a global adelic M-Cartier divisor of C°-type 
on X We say D is relatively nef if g P is of (C° n PSH)-type for all P e M K . 
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4.5. Global intersection number. The purpose of this subsection is to construct the 
intersection pairing 

(6h£tP0*) - K ((^i. • • • > Am) ~ dei(D • • • D d +i)) 

by using the local intersection number (cf. Subsection 2.4). For this, let us begin with 
the following lemma. 

Lemma 4.5.1. LetD = {D, g) be an integrable adelic arithmeticR-Cartier divisor ofC°- 
type on X. Then there are a normal model X ofX, an integrable arithmetic R-Cartier 
divisor @ of C° -type on X , a finite subset {P u . . . ,P r ] ofM K and integrable continuous 
functions 0i, . . . , <p r on Xp^, X™, respectively such that 



D = ® a + O,^0,[i>; 



Proof. By definition, there are relatively nef adelic arithmetic M-Cartier divisors L x and 
L 2 of C°-type on X such that D = Li — L 2 , so that, by using Proposition 4.4.2, we can 
find a normal model X of X, relatively nef arithmetic M-Cartier divisor 5£\ and if 2 of 
C°-type on X and a finite subset {Pi, . . . , P r \ of M K such that 

Ii=^ +^0,^,1^ and I 2 =^ 2 a +^0,^a^]j. 

where (ft and ipi are continuous functions on X^ 1 . Note that and ipi are integrable. 
Thus, if we set ® = if 1 — i£ 2 and <pi = (fi — ipi, then we have the assertion. □ 

Let Di = (D 1( gi), ...,Dd+i — {D d+i, g d+i) be integrable adelic arithmetic IR-Cartier 
divisors of C°-type on X. Then, by Lemma 4.5.1, there are a normal model X of X, in- 
tegrable arithmetic M-Cartier divisors @i, . . . , Qtd+i of C°-type on X, and a finite subset 
S of M K such that 



D i = 2>1+ lo^MP] )> 

V Pes J 



where cf> irP 's are integrable continuous functions X™. We would like to define the in- 
tersection number deg(Di • • • D d +i) to be 

deg(Di • • • D d+ i ) := deg(® 1 ■■■~® d +i) 

f \ 



PeS ic{i,...,d+i] 
J#0 



iel j& 



where deg P is the local intersection number at P (cf. Subsection 2.4) and {9>j\p) means 
the restriction of &j to the localization of X — > Spec(Ojf) at P. For this purpose, we 
need to see that the above formula does not depend on the choice of X, 2>i, S>d+i 
and S. We denote the right hand side of the above by A{X,^i,...,^d+i,S). Let X', 
9> v and S' be another choice. In order to check 

A(X , @ j,..., ® d +i , S) = A{X', ® v ...,®' d+l ,S'), 
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we may assume that X' = X and S' = S. Note that there are vertical M-Cartier divisors 
■ft,..., S d+1 on X such that Supp M ( 8 X \ Supp^+O c X P6S F P and % = % + S t for 
i = l,...,d + l, where F P is the fiber of X — » Spec(Ojf) over P. Thus it is sufficient to 
show that 



a{x, @ d+ i, s) = A(ar, s>i + (a, o), . . . , + (<w o), s) 



for all vertical M-Cartier divisors 8\, . . . , S d +\ on X with 



Supp R (^), . . . , SuppjjC^+i) c ^ F P 



PeS 



If we can show 



(4.5.2) 



A(5T, 01,...,®,,..., © d+1) S) = A(jr, ,^+( < S' ( 0) ) ... ( @ d+1( S) 



for a vertical M-Cartier divisor (f on X with Supp M ((f ) c ^ PeS F P , then 

A(ar, ©!, . . .,® a+1 , S) = AiX,®! + (A,0), ® 2> . . . , @ d+1 ,S) 

= A(^,® 1 + (A,0),@2 + («g , 2,0),@ 3 ,...,®rf + i,S) 

= • • • = A(ar, @ i + (<?i , o), . . . , ® d+1 + (s d+1 , o), s). 

Therefore, it suffices to check (4.5.2). We set e P = g^p),^))- Then 



Di = I® i +K0)) a + ^O,g(0 /iP - e P )[P] j , 



so that 



A(ar, S>, + (<?, 0), ... , @ d+1 , S) = deg(®! ••• +(<??, 0)) •• • 

_ _ f ^ 

2 log#(0^/i>)dig p Y\[0,(t>i,P-5 il e P )-Y\{®i + 5ji£Xp ) 



PeS IQ{l,...,d+l} 



iel 



Note that 



deg(®! ■■■($! + (<?, 0)) • • • @ d+1 ) = deg(®! • • • S) d+l ) 

+^log#(0 Jf /P)dei P ((@ 1 ) (P) • • • (®/-i) ( p) • • • • • <%>)). 

PeS 
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f\(0, 4>up - 5 n e P ) ■ Y\i®j + 5jiS\ P] 

iel j<?l 
( 

deg P 



J 



iel j& 
f 

yiel\{l} j& J 



-deg P 



if I el, 



iel 



w 



+deg f 



P[(O,0^)- j [ {@j\p)-ep 
WW) 



iel 



J 



and hence 



f 

2 log#(0 JC /P)dei P YliO^P-SnepyYl^j + djiSlpi 



PeS jc{i,...,d+i} 
J#0 



iel 



w 



Pes /c{i,...,d+i{ I ie/ ; yj / 

J/0 v y 

-^log^O^/PJdigpa®!^) • • • • m + i\ P) ■ ■ ■ Wd+ifo) • e P ). 



PeS 

Therefore, we have (4.5.2). By our construction, it is easy to see that the map 

is multi-linear and symmetric (cf. (2.4.6), (2.4.7) and Proposition 2.4.8). 

Let Di, . . . , D d+ i, D v ..., D d+1 be integrable adelic arithmetic M-Cartier divisors of C°- 
type on X. Let T be a finite set of M K and let (pi iP , ifid.p be integrable continuous 
functions on Xp n for P e T. By using Lemma 1.3.5, we can see that if 

for i = 1, . . . , d + 1, then 

(4.5.3) dei(D 1 -D d+1 ) = dei(D 1 -D d+1 ) 



PeTJc{l,...,d+l} 
J#0 



W 



J 



where D 7 = [Dj , X P (gy )p [i 5 ] + igj )» [oo]) for j = 1, . . . , d + 1 . 
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Proposition 4.5.4. Let D u . . . , D d ,D d+l be integrable adelic arithmetic R-Cartier divi- 
sors of C° -type onX. Then we have the following: 

(1) For e RatpT)*, d^gCD, ••• D d ■ (0)) = 0. 

(2) IfDi,...,Dd arenefandDa+i is pseudo-effective, then 

feg{D r --Dd-Dd + i)>0. 
Proof. (1) Let us begin with the following claim: 

Claim 4.5.4. 1 . Let X he a normal model ofX and let@>i,...,$ d be integrable arithmetic 
R-Cartier divisors of C° -type onX . Then deg(®i • • • ® rf • (0)) = 0. 

Proof. Step 1 (the case where 9)\,...,9)d are of C°°-type) : If are arithmetic 

Cartier divisors of C°°-type on X and e Rat(X) x , then the assertion is well-known. 
On the other hand, by [26, Proposition 2.4.2], we can find arithmetic Cartier divisors 

8 r of C°°-type onX, 0i,...,0; eRat(X) x , a, 7 el(i = l rf,]' = l r) and 

b\,...,bi eM such that ® ; =X ; r =i a ij&j an d = 0? 1 "'^f'- Thus, using the linearity of 
the intersection pairing, we have the assertion. 

Step 2 (the case where ®i, . . . , ® d are relatively nef) : Let j4 be an ample arithmetic 
Cartier divisor of C°°-type on X . As 

lim deg((® ! + ( 1 / nR) • • ■ (® d + ( 1 / n R) • (0)) = dei( ® x • • • © d ■ (0)), 

n— >00 

we may assume that @i, . . . , 2^ is ample on X Then, by [26, Theorem 4.6], there are se- 
quences {fi, n }™ =v • • • {fd,n}™ =l of Foo -invariant continuous functions on X{C) such that 

lim ||A„||su P = 

n— >oo 

and ®; + (0, /,-,„) is relatively nef and of C°°-typefor i = l,...,d and n > 1. Therefore, by 
using [27, Lemma 1.2.1] together with Step 1, we have 

dii(©! • • • ® d ■ (0)) = lim dei((@! + (0, / 1>ra )) • • • (9 d + (0, f d ,„)) ■ (0)) = 0. 

Step 3 (general case) : Since is integrable, there are relatively nef arithmetic R- 
Cartier divisors i£ i and Mi of C°-type on X such that ®; = i£ — Mi. Thus the asser- 
tion follows from Step 2. □ 

Let us start the proof of (1). By Lemma 4.5.1, we can find a normal model X of X, 
integrable arithmetic M-Cartier divisors . . . , ® d of C°-type on X, and a finite subset 
S of M K such that 



A = ®- + |o ) ^0 ! , P [i>]j ) 



where 0/,p's are integrable continuous functions Xp n . Then, by (4.5.3), 
degCDi • • • D d ■ (0)) = de^(®i • • • @ d • (0)) 

+z s i og#(ojc/p)dei P n^^^-n^-^"^^ 

PsS/c{i,...,rf+i} I ie/ 

Therefore, (1) follows from Claim 4.5.4.1 and (1) in Proposition 2.4.10. 



(2) First let us see the following claim: 
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Claim 4.5.4.2. Let % be a normal model ofX and9)\, 2>d> be integrable arith- 
metic M - Cartier divisors ofC°- type on X . 

(a) lf9)\,...,9)d are nefand@>d+i is effective, then 

deg(@r--@ d -@ d+1 )>0. 

(b) Let E be an effective and integrable adelic arithmeticR-Cartier divisor of C° -type 
onX. If 'S> i,..., 2>d arenef, then 

deg(^ — ®^-l)>0. 

Proof, (a) Let rf be an ample arithmetic Cartier divisor of C°°-type on X . It is sufficient 
to show that 

deg + erf) ■ ■ ■ (® d + erf) -W d+ i) > 

for e > 0. First we assume that 9)\,...,9)d are of C°°-type. Then, by [26, Proposi- 
tion 6.2.2], 3>i+erf is ample for every i, that is, there are ample arithmetic Cartier divi- 
sors rfi,... , rf r of C°°-type on 3£ such that 3>i + erf = X/=i a ij J ^i f° r some eIR>o. 
On the other hand, by [26, Proposition 2.4.2], there are effective arithmetic Cartier di- 
visors §x,...,8 r of C°°-type on$T such that 3>d+i = fri^H YbiSi for some bi,...,bi& 

R> , and hence the assertion follows from [21, Proposition 2.3]. 
In general, as before, by [26, Theorem 4.6], there are sequences 

{fl,n} n —i> ••• > {fd,n} n= i 

of Foo -invariant non-negative continuous functions on X(C) such that 

lim ||//, B || 8 up = 

n— >oo 

and 9)i + erf + (0, /,-,.„) is nef and of C°°-type for i = 1, . . . , d and n > 1. Therefore, by 
[27, Lemma 1.2.1], we have 

deg ((® ! + erf) ■ ■ ■ (®! + erf) ■ 9 d+1 ) 

= lim deg ( (@! + erf + (0, / 1>n )) • • • (® d + erf + (0, f d ,„)) ■ @ d+ i) > 0, 

as required. 

(b) By Theorem 4.1.3, there is a finite subset S of M K with the following property: for 
any n e Z >0 , there are a normal model X n of X together with a birational morphism 
p n :% n ^> 3C, and an integrable arithmetic M-Cartier divisor S n of C°-type on X n such 
that 

Then ^„ is effective by (2) in Proposition 4.1.2 and, if we set 
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then xp n>P is a continuous function on Xp n with < ip n>P <l/n for every n and PeS. 
Therefore, by (a) 

fe&X -%-E) = diiO/* B (@ i ) • • • n* n {W d ) • ~£n ) 

> - log#(0^/P)dei P (if 1 -Se d ;tp n j,) 



PeS 



PeS 



On the other hand, by (3) in Proposition 2.4.10, 

1 



< 



— 2nlog^(cj) 



deg((i? 1 nx)-"(if d nx)). 



□ 



deg P (i?i Wp) 

Thus we have the assertion of (b). 

Claim 4.5.4.3. IfDi,...,D d are nef and D d+ i is effective, then 

feg(D 1 ~-D d -D d+l )>0. 

Proof. By (1) in Proposition 4.4.2, as before, we can find a finite subset T of M K with 
the following property: for any n e Z >0 , there are a normal model X n and relatively nef 
arithmetic M-Cartier divisors 

of C°-type on X n such that 

A<®^,<A + (o,^ r (i/ii)[i*|) 

for i = 1, . . . , d. Note that ®/,„ is nef for every i and n by Lemma 4.2.3, and if we set 

then (pi, n ,p is a continuous function on Xp n with < (fi, n ,p < 1/n for every n and PeT. 
Then, by (4.5.3), 



degtA -D d - D d+l ) = deg(@* „ • • • ®\ n ■ D d+l ) + ^ ^ 



Per/c{i,...,d+l} 

J#0 



log#(0 Jf /P)deg p 



iel 



where = (D d+l ,J^ p {g d+1 ) P [P] + (gd+i)oo[oo]). By using (3) in Proposition 2.4.10, it 
is easy to see that 



limdegp ]^[(0,-^ i> ,p)-] _ [(® i )(p ) -(D rf+1 ,(g rf+1 )p) 



= 



for all P e T and / c {1, . . . , d} with J # (cf. the proof of (2) in Claim 4.5.4.2). Therefore, 
the assertion follows from (2) in Claim 4.5.4.2. □ 
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Let B be a nef and big adelic arithmetic M-Cartier divisors of C°-type on X. For e > 0, 
as D d+ i + eB is big, there are n e Z >0 and i/> e Rat(X) x such that 

D d+1 + e5 + (l/n)0/0>0, 
so that, by using (1) and Claim 4.5.4.3, 

digtA • • • D d ■ D d+l ) + edigCD! • • • D d ■ B) 

= dig {p, • • • D d ■ (p d+1 + eB + (l/nXVO)) > 0. 
Thus the assertion follows. □ 

5. Continuity of the volume function 

The purpose of this section is to consider the continuity of the volume function and 
its applications. The continuity of the volume function is a very fundamental result in 
the theory of birational Arakelov geometry. It actually has a lot of applications by using 
perturbation methods. The generalized Hodge index theorem is one of significant ex- 
amples, which is a generalization of results due to Faltings-Gillet-Soule-Zhang (cf. [9], 
[10] and [33]). 

Throughout this section, let K be a number field and let X be a d -dimensional, pro- 
jective, smooth and geometrically integral variety over K. 

5.1. Basic properties of the volume. In this subsection, we investigate several basic 
properties of the volume function. First of all, let us begin with the finiteness of vol, the 
limit theorem and the positive homogeneity of vol. 

Theorem 5.1.1. (1) (Finiteness) vol(D) < oo. 

(2) (Limit theorem) The 'Tim sup "in the definition of 'vol {cf Definition 4.3.2) can 
be replaced by 'Tim" that is, 

h°(X, tD) 

vol(D) = lim 



f-oo^+l/(d + l)!' 



where t is a positive real number. 
(3) (Positive homogeneity) vol(aD) = a d+1 vo\{D) for a eM> . 

Proof. (1) is obvious because we can find a normal model X of X over Spec(Ojf ) and an 
arithmetic M-Cartier divisor @ of C°-type on X such that D < ® . 

(2) Let [Xu, ®u0 be a defining model of D over a non-empty open set U of Spec(Ojc). 
By Theorem 4.1.3, for any e > 0, there is a normal model X e of X and an arithmetic 
M-Cartier divisor ® e of C°-type on X £ such that % e \u = ^u, %\u = $>u and 

X<D<X+{ 'Y,Pe S 2elog#i ° K/P][P] ) ■ 

where S = M K \ U. Note that the fiber F P of 3C e — » Spec(Ojc) over P yields a constant 
function 2 \og#{0 K /P) on Xp n . Thus the above inequalities mean that 
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As vol p e ) and vol (g> e + e (£ p F P , o) ) can be expressed by "lim" (cf. [23, Theorem 5.1] 
and [26, Theorem 5.2.2]), if we set 

. .. h°{X,tD) . fc°(X,tD) 

A = hmsup - - — — -liminf— t— — — — , 

then 

< A < vol (@ e + e (2 pgS fp, o) ) - vol (@ e ) . 

Let us choose a positive number N such that N e P for all PgS. Then Xp e s ^ p — (-^)- 
Thus, by using [23, Proposition 4.6] and [26, Theorem 5.2.2], 

A < Vol (@ e + € {J^ p Fp, ()) ) - Vol (@ e ) 

< Vol {p e + €{{N), 0)) - vol (@ e ) 

= e d+1 vol ((l/e)® e + (TO 0)) - vol 

= e d+1 vol [(l/e)W e + (TO, 0) - TO) - vol (® e ) 

= vol (® e + e((N)» 0) - eTO) - vol (¥ e ) 
= vol(¥ e + (0,2elogiV)) - vol (® e ) 

< elogTO(rf + l)[K:Q]v6HX,D). 

Note that log(iV)(d + l)[K : Q] vol(X, D) does not depend on e, so that A = 0. 
(3) If a = 0, then the assertion is obvious. Otherwise, by using (2), 

vo\{aD) = lim = a + lim 



t-oo f^+7(d + 1)! t^(ta) d+1 /(d + l)\ 

= a d+l w\{D), 

as desired. □ 
Next let us consider the following estimate for the proof of the continuity of vol and 
vol,. 

Proposition 5.1.2. Let D = (D, g) be an adelic arithmetic R-Cartier divisor on X. Let 
ipi e C°{X™), ...,(f r e C°{X™), ^ e C^(X(C)), u/frere P ly ...,P r eM K . Then 



vo\ |d + ^,^ipi[Pi] + <foo[oo] 



< 



-vol^(D) 
(d + l)[-ST:Q]vol(X ( D) 



y^lly»llsup + llyoollsup I - 

,1=1 



wherevo\ iseithervol or vol z {see Definition 4.3.2). 

Let us begin with the following lemma: 

Lemma 5.1.3. Let D = [D, g) be an adelic arithmetic R- Car tier divisor of C° -type on X 

and P e M K . Then we have the following: 

{d + l)[K:Q]vol{X,D) 

(1) vol ft (D + (0 ( a[P]))<vol^(D) + - ' ' , -a for a e R> , where p is 

Z[K P :<{ip\ 

the prime number with pZ = ZC\P. 
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(d + l)[K:Q]vol(X,D) 

(2) vo\{D + (0, a [oo])) < vol^D) + — ^ -^^a for a e R> . 

Proof. (1) For each n e Z >0 , let a„ be the round down of 2 ord P (p)\og#(o K ipy ^ at 



2ord P (p)log#(0 Jf /P) 
Then we have the following claim: 

Claim 5.1.3.1. p a »H°{X, n{D T + (0, a[P]))) c H°(X, n~D T ). 

Proof Let e H°{X, n{D T + (0, a[P]))). Let Q e Spec^). If Q # P, then 

||p fl ^IU gQ = i;Q(pr"||0IUg Q <i. 

Otherwise (i.e. Q = P), 

\\p a "(P\\ ngp = v P {p) a "\\(P\\ ngp = ex V (-a n ord P {p)\ogm 

f —na na\ 

- eXP U°rd f ( P )l°g*(0,/P) ordr( P )lo g #(0 ^ /P) + ~ J 

= ll0IU(gp+a)<l» 

as required. □ 
We set 

Q n = Coker [h° [x, nW) -» H° (x, n(If + (0, a[P])) ) , 
r„ = dim Q H°{X, nD) = [K : Q] dim* H°(X, 

Then, by (1.3.3.4) and (1.3.3.5), 

' nx, n(D + (0, a [P]))) < h°(X, nD) + log#(Q„) + log(6)r M( 
X(X, n(D + (0, a[P]))) = f (X, nD) + log#(Q„). 

By the above claim, 

log#(Q„) < log# (H° (X, n(D T + (0, a[P]))) lp a "H° (x, n(5 T + (0, a[P])))) 
= a„r„log(p). 

Therefore, (1) follows because 

q„r„ log(p) = fl(rf + l)[X:Q]log(p) Um dim^X, nD) 
„™ n d+1 /(d + 1)! 2ord P (p)log#(O if /P) «™ n d /d\ 

_ a(d + l)[X:Q]vol(X,D) _ a{d + \)[K : Q] vol(X,D) 
" 2ord P (p)[CVP:Z/pZ] " 2[X P :Q p ] " 

(2) By (1.3.3.2) and (1.3.3.3), 

J n°(X, n(D + (0, a [oo]))) < fr°(X, nD) + {na/2)r n + log(3)r„, 
|f(Xn(D + (0,a[oo]))) = /(X, nD) + (n«/2)r„. 

Therefore, (2) follows. □ 

Proof of Proposition 5.1.2. Let us start the proof of Proposition 5.1.2. First we check the 
following special cases: 
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(1) 

(2) 



< 



Claim 5.1.4.1. The following inequalities hold: 
yo\[D+[0,(pi[Pi])j -vo\{D) " 

vo\ (D + (O.^oofoo])) -vo\(D) 



IIVlllsup. 

(d + l)[^Q]vol(^D) 

< o IIVoollsup. 



Proof. (1) By using (1) in Lemma 5.1.3, 

vo^(D + (0, (/MAD) - vol((D) < vo^(D + (0, HyilLplAD) - volnCD) 

(d + l)L^Q]vol(^D) 

< g IIVlllsup- 

Applying (1) in Lemma 5.1.3 to the case where D is D - (0, a [Pi]), we have 
voi^D) < voi^D - (0, a [P x ])) + {a/2\d + 1)[K: Q] vol(X, D). 

Therefore, 

voinCD) - vol^D + (0, ^ [P])) < vo^(D) - voi|,(D - (0, || y>i | Up [P ] )) 

(d + l)[K:Q]vol(X, J D) | 



< 



-Il¥> 



1 llsup- 



Dj = 



Thus we have (1). 

(2) can be shown in the same way as (1) by using (2) in Lemma 5.1.3. 

In general, we set 

d + (o,yU°o]) if;' = o, 

D+ (o,XL <PdPl] + ¥>oo[oo]) if; > 1. 

V 

Then, as 

voii, (d + (o,^,[P,] + ¥Uoo]j j -vol^D) 

r 

<^ wl,, (Dj) - wit, (D,_i) + wl,, (Do) -vol ft (D) 



□ 



7=1 



using the previous claim, we have the assertion. 



□ 



As a consequence of the above estimate, we have the following proposition, so that 
we can deduce Fujita's approximation theorem for adelic arithmetic M-Cartier divisors 
(cf. Theorem 5.1.6). 

Proposition 5.1.5. Let D be an adelic arithmetic R-Cartier divisor of C° -type on X. 
Then, for a positive number e, there are a normal model of!X over Spec(CV ) and arith- 
metic^- Car tier divisors 9) and 9) of C° -type on X such that 

@ a <D<® /a , 0<vol(D)-voi(®)<e and < voW) - vol(D) < e. 
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Proof. Let U be a non-empty open set of Spec(Ojf) such that D has defining models 
over U. We set S = M K \ U. We choose a positive number e' such that 

e\d + l)[K: Q]vol(X, D)#(S) < 2e. 

By Theorem 4.1.3, there are a normal model of X and arithmetic M-Cartier divisors 2> 
and 2> of C°-type on X such that 



Then 



and 



< vol(D) - vol(S>) < vol(D) - vol [d-(o, ^ peS e' [P]) ) 



0<vol(® / )-vol(D)<vol(D+ (o-Xpgs^^O) " vo1 ^- 
On the other hand, by Proposition 5.1.2, 

vol(D)-vol(D- (o,2 P6 /[^)) <(e'/2)(d + l)[K:Q]™\{X,D)#{S) 

and 

vol(D+ {o,Y, PeS e ' [P] )) -™KD)<{e'/2){d + l)[K:Q]™\{X,D)#{S). 
Thus the assertion follows. □ 

The following theorem is the adelic version of arithmetic Fujita's approximation the- 
orem. It has been already established by Boucksom and H. Chen [5]. Here we give 
another proof of it and generalize it to M-divisors. 

Theorem 5.1.6 (Fujita's approximation theorem for adelic arithmetic divisors). Let D 
be a big adelic arithmetic R-Cartier divisor ofC° - type on X. Then, for any positive num- 
ber e, there are a birational morphism p:Y^>X of smooth, projective and geometrically 
integral varieties over K and a nef adelic arithmeticR-Cartier divisor Q of C° -type on Y 
such thatQ < p*{D) andvol{Q) > vol(D) — e. 

Proof By Proposition 5.1.5, we can find a normal model X of X over Spec(Ojc) and an 
arithmetic M-Cartier divisor 3> of C°-type on X such that 

®<D and vol(@)>voi(D)-e/2. 

Moreover, by virtue of Fujita's approximation theorem for arithmetic M-Cartier divisors 
due to Chen- Yuan (cf. [8], [31] and [26, Theorem 5.2.2]), there are a birational mor- 
phism p : W — » X of generically smooth, normal and projective arithmetic varieties 
and a nef arithmetic M-Cartier divisor <S of C°-type on <ty such that 

i2</T(@) and vol( J2) > vol(@) - e/2. 

Thus if we set Y= c 3/ x Spec ( 0jf )Spec(X), H = p\ Y andQ = ^ a , then we have the assertion. 

□ 
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5.2. Proof of the continuity of the volume function. The purpose of this subsection is 
to prove the continuity of the volume function for adelic arithmetic M-Cartier divisors 
of C°-type. Namely we have the following theorem: 

Theorem 5.2. 1 (Continuity of the volume functions for adelic arithmetic divisors) . The 
volume function vol : Div c0 (X) K — > M is continuous in the following sense: LetDi,. ..,D r , 
Ai,...,A r > be adelic arithmetic R-Cartier divisors of C° -type on X. Let {Pi,...,P s } be a 
finite subset ofM K . For a compact subset B in R r and a positive number e, there are 
positive numbers 5 and 5' such that 



vol 



^ r r' f s 

^ aiDi +^5]Aj + O^Vp, [Pi] + <P<»[oo] 
^i=i j=i V i=i 



J 



vol ^^flfPf 



<e 



holds for all a 1( . ..,a r ,6 1 ,...,5 r >eR,(pp l e C°{X™), ...,<p P ,e C°{X%) and e C° F JX{C)) 
with (a 1 ,...,a r )GB, £J =1 \5j\<5 and^i =x II</>p ; llsup + II Voollsup < 5'. 

Proof. Let us choose a non-empty open set U of Spec(CV) such that D t (i = l,...,r) 
and Aj {j = I,..., r') have defining models Qs itU and j4j,u over U, respectively. We set 
T = M K \U and 



C = max • 



f 



vol 



X^UiDi+^SjAj ^lflfl + 1 

3=1 J \i=l 



i=\ 



{a lt ...,a r )eB 

z;=ii^i<i 



We choose a positive number e' such that 

e\d + 1)[K :Q]#(T)C <e /3. 

By Theorem 4.1.3, there are a normal model of X and arithmetic M-Cartier divisors 
~§i , . . . , ~§ r , ~j4\ , • • • » ~s4r' of C°-type on X such that 

@-<A<@-+ 0,^| e'[P] and ~d)<A i <3)+ 0,JV[P] 

V PeT J V PeT J 

for all i = 1, . . . , r and j = 1, . . . , r'. Then, 



f r r' 



Per 



i=l 3=1 



[P] 



1=1 



7=1 



i=l 



7=1 



v peT V !=i ; =i ; ; 
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Therefore, by using Proposition 5.1.2, 



(5.2.1.1) 



vol 



f r r , 



^ e>{d + l)[K:Q}#{T) vol 



vol 



r 



f r _ r> \ 



(=1 



v «=i ;=i y \j=i y=i J 

for all a\,...,a r ,5\,...,5 r > £ IR. Moreover, by [26, Theorem 5.2.2], there is a positive 
number 5 such that 5 < 1 and 

r r r' \ ^ f r 

• X' 7 '" 77 '' _vo1 X a '® ! ' I - e/6 

for all (ai,..., a r )e £ and 5i,...,5r> eM with 

+ — + |5r'l<5. 

Therefore, if we set 



vol 



A = 



vol 



Z' r 



^^+^5^ -VOl ^UiDi 



1=1 



;'=i 



7 



V «'=i 



then 



A< 



vol 



^a^i+^dj^j -vol [ ^a,-®,- 

V' =1 



7=1 



+ 



vol j y]a,-@,- j -vol ^y^g,D, 



! = 1 



+ 



vol 



2~>a+Xm7 



Z = l 



— vol 



;=i ; 



Thus, by using (5.2.1.1), for (ai,...,a r )e B and <5i,...,<5 r ' eM with 

|5iH— • + |5r'l<5, 

we have 

(5.2.1.2) A<e/6 + e/6 + e/6 = e/2. 

On the other hand, by Proposition 5.1.2, 

f r r> r s ^ A 

^ a . A + ^ + 0, ^ (pp, [Pi ] + ^ [oo] 



vol 



i=l 



7=1 



/=1 



J 



f 



—vol 



X a ' D '+X 5 A- 



z=l 
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< 



Here we set 



{d + : Q] vol [x,Yli=i "iDi+HU M;) 



^JI^IIsup + IIVoollsup 



J=l 



C' = max - 



vol 



i=l 



;'=i 



(fli,...,o r )eS, ^\5j\<5 



and choose a positive number 5' such that 

{d + l)[K:Q]C'5' <e. 

Then 

f r r' f s ^ 

^ a iDi + SjAj + 0, Vp, [Pi I + ¥>«, [oo] 



vol 



i=l 



7=1 



1=1 



J 



—vol 



;=i ; 



(=1 



<e/2 



for all a l ,...,a r ,5 1 ,...,5 r >(= M, <^ Pl e C°(X^), . . . , ^ e C°(X™) and ip^ e C£jX(Q) with 

(fli,..., a r ) e B, Xj=il 5 ;'l - 5 and X/=i H™p + ll^oollsup < 5'. Thus, by the above 
estimate together with (5.2.1.2), we have the assertion. □ 

Theorem 5.2.2. The % -volume function vol x : Div^ (X) K — > M is continuous in the fol- 
lowing sense: LetD\,. . . , D r , A\,... ,A r > be adelic arithmeticR-Cartier divisors of C° -type 
on X. Let {Pi, . . . , P s ] be a finite subset ofM K . For a\,...,a r eM and e e R >0 , there are 
positive numbers 5 and 5' such that 

^ r r' f s 



VOL 



i=l 



i=i 









)) 


-vol z 











<€ 



holds for all 5 u ...,5 r ' eR,^e C°{X%), . . . , ip Ps e C°(X™) and ip^ e C° F JX{Q) with 
X/=i I 5 ; I ^ 5 andY^ i=l ll^pjlsup + ll^oolUup < 5'. 

Proof. The proof is almost same as the proof of Theorem 5.2.1 in the case where B = 
{(«!,..., a,-)}. We use the same notation as in the proof of Theorem 5.2.1. Then, by [16, 
Corollary 3.4.4], there is a positive number 5 such that 5 < 1 and 

f r r i 



vol.. 



\ 






-vo\ 




<e/6 


J 







y_ i=l J=l 

for 5i,...,5 r ' el with |5i| H 1- |5 r '| < 5. Thus, by virtue of Proposition 5.1.2, we can 

show the similar estimate 

f r \ 



vol. 



VaiDi+V'5M, -voL Vfl.D, 



<e/2 
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as (5.2.1.2). The remaining part is exactly same as the proof of Theorem 5.2.1 by using 
Proposition 5.1.2. □ 

5.3. Applications. Here we would like to give two applications of the continuity of the 
volume function, that is, the log-concavity of vol and the generalized Hodge index the- 
orem for adelic arithmetic divisors. 

Theorem 5.3.1. Let D l and D 2 be pseudo-effective adelic arithmetic M- Car tier divisors 
ofC°-typeonX. Then 

vol(Di + D 2 ) 1/(d+1) > ^(D!) 1/w+1) + vol(D2) 1/(,,+1) . 

Proof. Let U be a non-empty open set of Spec(Ojc) such that D x and D 2 have defining 
models and 3> 2>u over U. We set T = M K \ U. For a positive number e, by Theo- 
rem 4.1.3, there are a normal model of X of X and arithmetic M-Cartier divisors i and 
9 2 of C°-type on X such that 

A<@i<A+ 0,Je[no and D 2 <@ 2 <D 2 + 0,Je[P],0 . 

V. Per 7 V. Per J 

As ®i and 9) 2 are pseudo-effective, by [31, Theorem B] or [26, Theorem 5.2.2], we have 
voi(®i + ® 2 ) 1/(d+1) > vol(®i) 1/(d+1) + vol(® 2 ) 1/(d+1) , 

and hence 

Di + D 2 + 2e 0,^[P],0 >vol(D 1 ) 1/(d+1) + voi(D 2 ) 1/(d+1) . 

Thus the assertion follows from the continuity of vol on Div^, (X) R (cf. Theorem 5.2.1). 

□ 

Theorem 5.3.2 (Generalized Hodge index theorem for adelic arithmetic divisors). Let 
D = [D, g) be a relatively nef adelic arithmetic R-Cartier divisor of C° -type on X. Then 
deg(D d+1 ) = vol z (D). In particular, deg{D d+1 ) < vol(D). Moreover, if D is nef, then 
dei(D d+1 ) = vol(D). 

Proof. Let X be a normal model of X over Spec(Ojf ) and @ = (®, g^) an arithmetic 
M-Cartier divisor of C°-type on X. First let us see the following claim: 

Claim 5.3.2.1. If 3 is relatively nef then deg{S) d+1 ) = vol z (®). 

Proof. We divide the proof into four steps: 

Step 1 (the case where 9) is an arithmetic Q-Cartier divisor of C°°-type, 9) is ample 
on X and C\{9) is a positive form) : This is a classic case. For example, it follows from 
the arithmetic Riemann-Roch theorem due to Gillet-Soule (cf. [10]). 

Step 2 (the case where @ is of C°°-type, @ is relatively nef, C\{Qj) is a semi-positive 
form) : As any arithmetic Cartier divisor of C^-type can be written by a difference of 
ample arithmetic Cartier divisors of C^-type, we can find ample arithmetic Cartier di- 
visors j4\,...,j4 i of C°°-type and real numbers a\, . . . , a\ such that 

9) = a\j^i-\ Yaij4i. 
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Then, for any rational numbers bi,...,bi with a, < b t for all i, b\j4\-\ VbiMi is ample 

and C\{b\j4\ H h bi j4 i) is positive because 

bij?i + — + bij&i =® + (bi-a 1 )jrfi + --- + (bi-ai)jtfi. 

Thus, by Step 1, 

deg((fci^i + — + b{^i ) d+1 ) = vo\ y \b^ x + — + b{^{). 

Therefore, the assertion follows from Theorem 5.2.2. 

Step 3 (the case where © nl is ample on X) : Let h be an -invariant ©-Green 
function of C°°-type on X{C) such that Ci{&, h) is a positive form. Then there is a con- 
tinuous function cf) on X(C) such that g^ = h + cf), and hence Ci(®, h) + dd c {[cp]) > 0. 
Thus, by [26, Lemma 4.2], there is a sequence {cp n }™ =1 of Fqo -invariant C°°-functions on 
X{C) with the following properties: 

(a) lim^ oo ||0„-0|| sup = O. 

(b) If we set S n = {Q),h + tp n ), then Ci{S n ) is a semipositive form. 

Then, by Step 2, deg(^ +1 ) = vol x (S n ) for all n.AsS n = S>+(0, 0„-0), by Theorem 5.2.2, 

lim voL (£„) = vol„(@). 
Moreover, by using [27, Lemma 1.2.1], 

limdei(^ +1 ) = dii(®" +1 ), 

as required. 

Step 4 (general case) : Finally we prove the assertion of the claim. Let j4 be an ample 
arithmetic Cartier divisor of C°°-type on X . Then, since @ + esd is ample on X for any 
positive number e, we have deg((® + ejz?) d+l ) = vol^(® + €j4) by Step 3. Thus, the 
assertion follows from Theorem 5.2.2. □ 

We assume that D is relatively nef. Let us choose a non-empty open set U of Spec(Ojf ), 
a normal model %u over U and a relatively nef M-Cartier divisor S>u on X v such that 
2>u n X = D and g P is the Green function arising from {3C U , S>u) for all P e U n M*-. 
Moreover, by Proposition 4.4.2, there is a sequence K^n»®n)}~ =1 with the following 
properties: 

(1) is a normal model of X over Spec(CV) such that X n \ u = 3£ u . 

(2) ®„ is relatively nef M-Cartier divisor on X n and ( 2> n \u = ^u- 

(3) D<{& n , goo f. 

(4) If we set <p n<P = g((,T n \ P) ,^ n \ P] ) - gp for PeM K \U, then 

lim ||0„,p||su P =O. 

n—>oo 

peMjcVf/^"^^])' by Theorem 5.2.1 and Theorem 5.2.2, 

(5.3.2.2) limvoi((@„,g 00 )) = vol(D) and lim voi^((© n) g 00 )) = voi^(D). 
Here let us see 

(5.3.2.3) lim digC(® B> goo) d+1 ) = dii(D rf+1 ). 

ji— >oo 

Indeed, we set 
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for P e M K \ U. Note that 4> n>P = ip P — ip niP . Then, by using Lemma 1.3.4, we can see 
dei((@„, goo) rf+1 ) = digtf®!, goo ) d+1 ) 

d+l 

+ Z X log^/^degpCC^j;- 1 ^®!)^ 1 -^^). 



i=l PeM K \U 

Thus, by virtue of Proposition 2.4.3, 



lim deg((@„, goo ) d+1 ) = degtf®!, goo) d+1 ) 

n— >oo 

d+l 



+ S X log#(OW^deg P ((D,gp) i - 1 -(® 1 ) ( d + 1 - i ; 1 /'p) = deg(D rf+1 ), 

/=1 PeM K \U 

as desired. 

By (5.3.2.2) and (5.3.2.3) together with the above claim, we have the first assertion. 
If D is nef, then [Q) n , g^) is also nef by the property (3) and Lemma 4.2.3, and hence 
the second assertion follows from (5.3.2.2) and (5.3.2.3) by using [26, Proposition 6.4.2] 
and [27, Proposition 2. 1.1]. □ 

6. Zariski decompositions of adelic arithmetic divisors on arithmetic surfaces 

Let X be a regular projective arithmetic surface and let @ be an arithmetic M-Cartier 
divisor of C°-type on X . The set of all nef arithmetic M-Cartier divisors f£ of C°-type on 
X with if < S> is denoted by T(®). In [26, Theorem 9.2.1], it is shown that if T(D) ^ 0, 
then T(D)_has the greatest element^",_that is, H e J(D) and ]*f < H for all 3f ej(D). 
If we set jV :— 9) — £1, then Q> — SI + jY yields the Zariski decomposition of ®. For 
example, we can see that the natural map 

H°{X, n£i) — > H°{X, nltf) 

is bijective for every n e Z >0 . In particular, vol(i2) = vol(®), so that it gives rise to a re- 
finement of Fujita's approximation theorem for arithmetic divisors. In this section, we 
consider a generalization of the above result to an adelic arithmetic M-Cartier divisor. 

6.1. Local Zariski decompositions of adelic divisors on algebraic curves. Let A: be a 

field and v a non-trivial discrete valuation of k. We assume that k° is excellent. Let 
G7 be a uniformizing parameter of k°. Let X be a projective, smooth and geomet- 
rically integral curve over k. Let k v be the completion of k with respect to v and 
X v := X x Spec ( fc ) Spec( The purpose of this subsection is to prove the following theo- 
rem: 

Theorem 6.1.1 (Local Zariski decomposition). Let D = [D,g) be an adelic R-Cartier 
divisor onX and let Q beanR- Cartier divisor onX withQ<D. Here we set 



UD;Q):=\L 



L is a relatively nef adelic R- Cartier divisor on X 
such that L<Q and L<D 

We assume thatdeg{Q) > 0. Then there exists a Q -Green function q of{C° nPSH)-type on 
X* n such that Q:={Q,q) gives rise to the greatest element ofT.{D; Q), that is, Q e E(D; Q) 
and L<Q for all L e T.{D; Q). Moreover, we have the following: 

(1) IfD is given by an R-Cartier divisor @ on a regular model X ofX over Spec( k°), 
then Q is given by a relatively nefR - Cartier divisor £1 onX . 
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(2) IfQ = D, then deg v {Q; g-q) = 0{cf. Proposition-Definition 2.4.3) . 
Before starting the proof of Theorem 6.1.1, we need to prepare two lemmas. 

Lemma 6.1.2. LetX be a regular model of X over Spec{k°). Then we have the following: 

(1) Let n : X' ^ X be a birational morphism of regular models ofX overSpec[k°), 
and leti£' be a relatively nefR-Cartier divisor on X'. Then is relatively 
nefand TZ*(n*{S£')) — i£' is effective. 

(2) lfi£\ ,...,!£ i are relatively nefR - Cartier divisors onX , then 

max{^,...,^} 

is also relatively nef {for the definition o/max{ifi , . . . , i£i }, see Conventions and 
terminology 0.5.8) . 

(3) Let's be an R-Cartier divisor on X and g — g(sc,y>). Theng is of(C°r\PSH)-type 
if and only 3> is relatively nef. 

Proof. (1) Let C be an irreducible component of the central fiber X a of X — > Spec(fc°). 
Then 

Thus n*{££') is relatively nef. 

Let us consider the second assertion. By [19, Theorem 9.2.2], n can be obtained by a 
succession of blowing-ups at closed points. We prove it by induction on the number of 
blowing-ups. First we consider the case where n is a blowing-up at a closed point. Let 
C be the exceptional curve of n. Then 

n*{n^'))-Se' = aC 

for some a e R. As 

{{n\n*{t£'))-%')-C) = -{%' -C)<0 and (C-C)<0, 

we have a > 0, as required. In general, we decompose n into two birational morphisms 
7ii : X' — » X\ and n 2 : X\ — » X of regular models of X, that is, n = n 2 ° n\. Note that 
(7ii)*(if is relatively nef by the previous observation. Thus, by the induction hypoth- 
esis, 

7i\{n x \{Se')- 5£' and n\{n 2 \{{n x \{i£'))-[n x \{5£') 
are effective, so that 

TfMSe 1 )) - n^USe') = n\ (n* 2 [n 2 U^iU^")) ~ {niUt£')) 
is also effective. Therefore, as 

ifMse')) -i£'= {n\7i^')) - if^use')) + {^faux') - > 

we have the assertion. 

(2) We set i£[ := maxfi^i, . . . , S£i } — S£i for each i. Let C be an irreducible component 
of X a . Then there is i such that C % Supp M (if/). As i£[ is effective, we have deg( se[\ c ) > 
0, so that 

deg(max{^ 1 ,...,^}| c ) = deg(^ i | c ) + deg(^;| c )>0. 

(3) This is a special case of Proposition 2.1.7. □ 
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Lemma 6.1.3. LetX be a regular model of X and 9> anR-Cartier divisor on X . LetQ be 
an R-Cartier divisor on X with Q<D:=S>r\X. Here we set 

i£ is a relatively nefR-Cartier divisor onX \ 
such that S?nX<Q and 5£ <2> )' 

(1) We assume that deg(Q) > 0. Then there is a relatively nefR-Cartier divisor SI 
on X such that SiC\X = Q and SI gives rise to the greatest element ofT. x {Q);Q), 
that is, SI e E y (®;Q) andi£ < SI for all 5£ e E /r (®;Q). Moreover, ifQ = D, then 
{&-@-&) = 0, that is, deg v {£ a ; g (x , = 0. 

(2) Let n : X' — > X be a birational morphism of regular models ofX. If SI is the 
greatest element of Y.< x {9);Cf), thenn*{Sl) isalso the greatest element of 

Y. x >{n*{<2>y,Q). 

Proof. (1) Let us begin with following claim: 

Claim 6. 1 .3. 1 . (i) There is a relatively nef R - Cartier divisor 2? onX with 2 2> nX = 
Q. 

(ii) There is & e E a .-(©; Q) with 0»nX = Q. 

Proof, (i) First we assume that deg(Q) = 0. Let & ' be the closure of Q in X . Let C\ , . . . , C r 
be irreducible components of X . As ■ X a ) = 0, by Zariski's lemma, we can find 
fli a r eE such that 

Y^aiCrCj^i^'-Cj) 
i=i J 

for all j = I,..., r. Thus, if we set — — X/=i a iCi, then 2? is relatively nef and 
&> nx Q. 

Next we assume that deg(Q) > 0. Then there is e Rat{X such that Q + {(j)) x >0, 
where ((p) x is the Q-principal divisor of on X. Let be the closure of Q + {cj)) x in X . 
As Q + (0)x is effective, & ' is relatively nef. Here we set g? = 2?' — (0) on X. Then 0? o 
is relatively nef and 

2? nx = 2?'nx-( ( j>)nx=Q + { ( p) x -((j)) x = Q. 

(ii) follows from (i) because 2? - nX a < 9> for a sufficiently large n and — nX a is 
relatively nef. □ 

For a prime divisor C on X (that is, C is a reduced and irreducible curve on X), we 
set 

q c := sup {multcCS?) | <£ e Y. x (S>; Q)} , 

which exists in R because mult c (^f) < mult c (®) for all i£ e E r (®;Q). We fix & e 
Ear (®; Q) with & n X = Q by using Claim 6.1.3.1. 

Claim 6.1.3.2. TTzere zs a sequence {J£ n }°° =1 ofR-Cartier divisors in E, r (@; Q) sue/? ffta? 
^ <i£ n foralln > 1 andlim n ^ 00 mu\t c {J£ n ) = qc for all prime divisors C mSupp R (@)u 
Supp K (^). 

Proo/ For each prime divisor C in Suppj^S^uSupp^^ 2 ), there is a sequence {^c,n}^ =1 
in E /r (®;Q) such that 

limmiut c (.2c,n) = <7c- 
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If we set 

S£ n = max ({i?c,n }cc S upp R (@)usu P p R (£s») U {& }) , 
then 2?<S£ n and i£ n e T. x {% Q) by (2) in Lemma 6.1.2. Moreover, as 

multc(i?c,») < multc(i?„) < qc, 

\im n ^ 00 muk c (^„) = q c . □ 

Since max{^,i?} e £«(@;Q) for all if e H X (@;Q) by (2) in Lemma 6.1.2, we have 

multc(^) < q c < multc(@). 

In particular, if C 2 Supp R (®)uSupp M (^), then <7 C = 0, so that we can set Si := ^ c <7 C C. 
Clearly S>nX = Q because & < SI. Moreover, St £ E,r(®;Q) by Claim 6.1.3.2, and 
if < SI for all if e Q) by our construction. 

Here we assume that Q = D. Then @ — SI is vertical. Let C be an irreducible compo- 
nent of Supp R (@ — Si ). If {S> ■ C) > 0, then S + eCis relatively nef for a sufficiently small 
positive number e. Moreover, Si + eC < @. This is a contradiction, so that (i2 • C) = 0. 
Therefore, {S ■ 9 - Sl) = 0. 

(2) Clearly tt*(<2) e Y. x >{n*{&); Q). Let i?' e S^/(tt*(®); Q). As 7r*CS?') is relatively nef 
by (1) in Lemma 6.1.2, we have nJiS£') e Q), and hence 7r # (if) < Si. Thus, by 

using (1) in Lemma 6.1.2, 

S£' < n\n,{%')) < n\S), 
as required. □ 

Proof of Theorem 6.1. 1. Let us start the proof of Theorem 6.1.1. We fix a regular model 
X with the following properties: 

(a) If D is given by an M-Cartier divisor ® on a regular model X , then 3C Q = 

(b) There is a relatively nef M-Cartier divisor Sl on X with ^ n X = Q (for details, 
see Claim 6.1.3.1). 

By Theorem 3.3.7, for each n > 1, we can find a regular model X n and an M-Cartier 
divisor 9) n on such that 

_ 1 _ 1 

D-— -{X n f<9 a <D+— -AX n f. 

n(n + iy °~ n ~ n{n + \y '° 

Replacing X n by a suitable regular model of X if necessarily, we may assume that there 
is a birational morphism n n+ i : % n +\ — > 3C n for every n > 0. Note that if D is given by 
an M-Cartier divisor Q) on X, then = and 9) n = 9) for all n > 1. By using (1) in 
Lemma 6.1.3, let be the greatest element of S^ n (®„;Q). Let us check the following 
claim: 



Claim 6.1.4. (i) The following inequalities 

n(n + l) " +i n(n + l) 

hold for all n>l. 
(ii) Moreover, 



2 2 
n(n + l) " +i Tz(rc-l-l) 



hold for all n>\. 
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Proof, (i) The first inequality follows from the following observation: 

< +1 (s>,) a >d- - l -— 7il +l {{% n ) T 

n+i n(n + l) n+i 

— [^n+i ~ 7 — TTTr — 7T^i^n+if ] ; — — tO^Wi) 3 
V (n + l)(n + 2) J n{n + \) 

2 



V n{n + l) 

The second inequality is similar. 

(ii) Note that n* n+l {£„) - {2/n{n + 2)){^ n+1 ) e S^„ +1 (@ ra+1 ;Q) because 

" iVn{n + 2))(JT n+1 ) < 

by (i), so that n* n+1 {£ n ) - {2/n{n + 2)){X n+l ) < B n+l . Similarly 

£ n+l - {2/n{n + 2)){X n+l ) e E,^ +1 « +1 (Sy ; Q) 

byusing(i),andhence^„ + i-(2/n(n+2))(^+i)o<7r; +1 (^„)by(2)inLemma6.1.3. □ 

Let 8 n := J£ n - p*(<@o)> where p n := 7ii o ••• o n n : X n — > 3C . Then S n is vertical and 
2 2 
n(n + l) n+l n[n + l) 

by (ii) of the previous claim, so that 

<p n+1 -4\- L.) (-logy(cT)) < y>„ < +4 [ ) (-logyftzr)), 

V + 1 y \n n + \J 

where y>„ := g[3c n ,g n y Therefore, if we set 

4(-logI/(G7)) „ 4(-l0gl/(C7)) 

i Pn = L Pn and y> = + , 

then 

V / 1 <-</ B </ B+1 <-<^ +1 <^<-<^ 
and hence </?(jc) := lim^oo </? n (x) exists for each x e X[| n . Moreover, as 

\ip n {x) - ip(x)\ < y/'(x) - ip' n {x) < (8/n)(-log v{tu)), 

the sequence {y n }™ =1 converges to (p uniformly. In particular, ip is continuous on X™. 
We set q := g(x a ,£ a ) + </>• As i2„ is relatively nef, q is a Q-Green function of (PSHnC )- 
type. Note that in the case where D is given by a relatively nef M-Cartier divisor 9) on 
X, then q = g (Xtai) . 

Let us see that Q := (Q, is the greatest element of S(D; Q). As {^,i}~ =1 converges <p 
uniformly and 

-2logi/(oj) 

g(.r ,^ ) + V» = g(x n ,si n ) < g&„,@„) <g+ n ^ n + i^ ' 

we can see that Q < D, that is, Q e Q), so that we need to see that L < Q for all 
L = (L,g L )eE(D;Q). 

First we assume that L is given by an IR-Cartier divisor if on a regular model ( S/. By 
(3) in Lemma 6.1.2, i£ is relatively nef. For each n > 1, we choose a regular model W„ 
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of X such that there are birational morphisms v„ : <$/ n — » <$/ and p n : W n — > X n . If we set 
= (/>f ra )*(v*(iif )), then <^"„ is relatively nef by (1) in Lemma 6.1.2. Moreover, as 

11 V n(n + l) 

we have & n < ®„ + (1/ rc(n + 1))(^„) by using Proposition 2.2.1, and hence 

& n <£ n + (l/n(n + l))(X n \ 
because & n — {l/n{n + \)){X n ) eE^ n (@ n ;Q). Therefore, by (1) in Lemma 6.1.2, 

n " " n(n + l) 

In particular, 

-2logl/(G7) -2l0gl/(C7) 

ft*.*) < g(«„) + n{n + l) - g(. M ) + + n[n + l) ■ 

Note that {(p n }™ =l converges </? uniformly, so that we have g(-»,^) < q. 

In general, by Proposition 2.1.8, there are a sequence i&i}^ of regular models of X 
and a sequence \5£i }f =l of relatively nef M-Cartier divisors such that i£i is denned on 
<3/i, !£\ nl = L, {5£iY < L and g L = lim/^oo g^,,^) uniformly. By the previous observa- 
tion, g(?y,,^ ; ) < q for all /, so that g L < q 

Let us see the additional assertions (1) and (2) in the theorem. The assertion (1) is 
obvious by our construction. Let us consider (2). We assume that Q = D. If we set 
6n ■■= g(,r„, a n ) ~ g[3c„M and6 = g-q, then {0 n }™ =1 converges to uniformly because 

On = (g(,«„, 9 n ) ~g) + g- (g(SCoM + <Pn)- 

Thus, by Proposition-Definition 2.4.3, 

lim teg v {£ n -6 n ) = teg v (Q->Q)- 

n—>oo 

On the other hand, deg y (^„; n ) = by Lemma 6.1.3, so that the assertion (2) follows. 

□ 

Finally we consider the maximal of two Green functions, which will be used in the 
next subsection. 

Proposition 6.1.5. LetD x andD 2 be R- Car tier divisors on X and letD 3 :=max{Di,D 2 }. 
Fori = 1,2, letgi be a Di-Green function of C° -type onX™. 

(1) max{gi,g 2 } is a D 3 - Green function of C°- type on X* n . 

(2) If gi and g 2 are of{C° n PSH)-type, then max{gi, g 2 } is also of{C° n PSH)-type. 
Proof. (1) Let n : X v — > X be the canonical morphism. It is easy to see that 

max{7r*(Di), 7r*(D 2 )} = n*{max{D ly D 2 }), 

so that the assertion follows from Proposition 2.1.5. 

(2) For each n > 1, by Proposition 2.1.8, there are a regular model X' of X and rela- 
tively nef M-Cartier divisors S>[ n and 9)' 2 n on X' n such that 

< gi - g(.^,@; „) < l/n and < g 2 - g^j 2n) < l/n. 

On the other hand, by Theorem 3.3.7, we can find a regular model X% of X and an 
M-Cartier divisors 8% on X% such that rnl= D 3 and 

max{gi, g 2 } < g{x»,t^) < max{g 1( g 2 } + 1/n. 
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We choose birational morphisms v„ : X n — » and p n :X n ^> X^ and we set 

®i,„ := v*(®; j, ® 2 ,n := v*(^ >B ), ® 3 ,„ -max^^,®^} and <?„ :=//«)• 
As 3> lt „ < and 3> 2 ,n < %,n, we have 

so that 

max{gi, g 2 } - l/n = max{gi - l/n, g 2 - l/n} 

Moreover, 

g(3c n ,@ hn ) <gi< maxlgj, g 2 } < g( Xn ,g n) 

and 

g(x n /s 2 , n ) <gz< max{gj, g 2 ] < g [Xn ,g n ), 
and hence, by Proposition 2.2.1, 

9>x, n <$n and ® 2<n <8 n , 

so that %,„ < S n . Therefore, 

max{g!, g 2 \ - l/n < g (Xn ,9 aM ) ^ m ax{gi, g 2 } + l/n. 

Note that ® 3 ,„ is relatively nef by (2) in Lemma 6.1.2, and hence max{gi, g 2 } is of (C° n 
PSH)-type. □ 

6.2. Proof of Zariski decompositions for adelic arithmetic divisors. In this subsec- 
tion, we give the proof of Zariski decompositions for adelic arithmetic divisors. Let X 
be a projective, smooth and geometrically integral curve over a number field K. Let us 
begin with decompositions for global adelic divisors. 

Theorem 6.2.1. LetD = {D,{g P } PsMK ) be a global adelic R- Carder divisor on X {cf. Def- 
inition 4.1.1) and letQ be anR-Cartier divisor on X with Q<D. Here we set 



E(D;Q) :=\l = {L,{I p } PsMk ) 



L is a relatively nef global adelic R- Car tier \ 
divisor on X such that L<Q and L<D J ' 

IfdegiQ) > 0, then there exists a Q-Green function q P of{VSHr)C°)-type on Xp n for each 
P e M K such thatQ := (Q, {q P } PeMK ) gives rise to the greatest element of E(D;Q), that is, 
Q e Q) and L<Q for all L e E(D; Q). Moreover, if there are a non-empty Zariski 
open setU of Spec(O^), a regular model X u ofX over U and anR- Cartier divisor on 
Xu such that g P is the Green function arising from &u for allPGUn M K , then there is a 
relatively nefR- Cartier divisor £2 u onX u such thatq P is given by &u for all P e Ur\M K . 

Proof. Let us choose a non-empty Zariski open set U of Spec(Ojc), a regular model X v 
of X over U and an M-Cartier divisor Q} v on Xu such that g P is given by Q>u for all 
P e UnM K . Moreover, we set 

U' = {P e U | Xu — » U is smooth over P and &u is horizontal over P] . 

By Theorem 6.1.1, for each P e M K , we can find a Q-Green function q P of (C° n PSH)- 
type on Xp n such that (Q, q P ) yields the greatest element of 



L is a nef M-Cartier divisor on X, l P is an L-Green function 
of (C° n PSH)-type on Xp n , L<Q and [L, l P ) < {D, g P ) 
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For each P sU, we set (3£u\p) '•= 3Cu x u Spec((Ojf) P ). Then, by Theorem 6.1.1 again, 
q P is obtain by a relatively nef M-Cartier divisor J2 (P ) on {2£u\py Note that if P e I/ 7 , 
then J2(p) is actually given by the Zariski closure of Q in {Xu\py Therefore, we can find 
a relatively nef M-Cartier divisor £l u on 3Cu such that £*. u n (i£[/)cp) = <S(i>)- Therefore, 
Q '•— (Q> {^p}p6M k ) forms a global adelic M-Cartier divisor on X. By our construction, it 
is obvious that Q is the greatest element of S {D; Q ) . Further, the second assertion of 
the theorem is also obvious by our construction. □ 

As a corollary, we have the relative version of Corollary 6.2.7. 

Corollary 6.2.2. Let D — (D, g) be an adelic arithmetic R-Cartier divisor of C° -type on 
X. Let T re i{D) be the set of all relatively nef adelic arithmetic R- Car tier divisors L of 
C°-type on X with L < D. Ifdeg{D) > 0, then there is the greatest element Q = [Q,q) 
ofT re i{D), that is, Q e Y re i(D) and L < Q for all L e T re i{D). Moreover, we have the 
following properties: 

(1) D — Qis vertical, that is, D = Q. 

(2) For every a e R >0 , the natural homomorphism H°(X, aQ ) — > H°{X, aD ) is bi- 
jective. Further, \\<j) \\ aqoo = \\<f>\\a goo for all cj) <= H°{X{C), aD). In particular, 

X{X,aQ) = 2{X,aD) and vol x (Q) = vol x (D). 

(3) Q is perpendicular toD — Q, that is, deg(Q • D — Q) = 0. 

Proof. Applying Theorem 6.2.1 to the case Q = D, we have the greatest element 

of E {jf; D ) . Moreover, by using [26, Theorem 4.6], there is a D-Green function of 
(C° n PSH)-type on X(C) such that q x yields the greatest element of 

{^oo I hoo is a D-Green function of (C° n PSH)-type on X(C) and hoo < g^j . 

Thus (A^ PeMjf qp[P] + <7oo[oo] j is our desired adelic arithmetic M-Cartier divisor. 
The property (1) is obvious. For (2), we suppose (p e H°{X, aD T ), that is, 

-a/aur<D T 

by Proposition 4.3.1. Note that -(l/a)(0) a is relatively nef, so that -(l/a)(0) a < Q T ■ 
Therefore, 4> e H°{X,aQ ) by Proposition 4.3.1. The assertion || • \\ acjoo = \\ • \\ ag(xi on 
H°(X(C), aD) follows from [28, Lemma 1.3]. Further, (3) is a consequence of (2) in The- 
orem 6.1.1 and [28, Lemma 1.3]. □ 

The following theorem is one of the main results of this article. 

Theorem 6.2.3. LetD be an adelic arithmeticR-Cartier divisor of C° -type on X. LetR be 
an R-Cartier divisor on X with R<D. Let T{D; R) be the set of all nef adelic arithmetic 
R-Cartier divisors L = {L,l) of C°- type on X with L < R and L<D. If T(D; R) ^ 0, 
then there is the greatest element Q ofT{D;R), that is, Q e T{D;R) and L < Q for all 
LeT(D;R). 

First let us consider two lemmas. 
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Lemma 6.2.4. LetM andQ be adelic arithmetic R- Car tier divisors of C°- type on X and 
let{L n }™ =1 be a sequence of adelic arithmeticR- Car tier divisors of 'C° -type on X with the 
following properties: 

(1) L n is nefforall n>\. 

(2) M<L n <Qforalln>\. 

(3) For all closed closed points x ofX, lim,,^ mult x (L„) = mult x (Q). 
Then deg(Q| x ) > for all closed points xel. 

Proof We set M = (M, m), Q — [Q,q) and L n = (L n , g n ). First we assume that there 
are a regular model X of X over Spec(Ojf) and an M-Cartier divisor £1 on X such that 
Q = (i2 , ^oo) a - Let us see the following claim: 

Claim 6.2.4.1. (i) For all n > 1, there is an R-Cartier divisor S£ n on X such that 

Se n nX = L n ,{Se n ,{g n )ooY isnefandT n <{S£ n ,{gn)oof<{^,qoof- 
(ii) There is anR-Cartier divisor M onX such thatJ/r\X — M and{M, m^f < M. 

Proof, (i) For each n > 1, we consider the following set: 

{D = (D,{g P } P<EMK ) | D is relativelynef, D<L„ and £><,£ a }. 

Then, by using Theorem 6.2.1, there is a relatively nef M-Cartier divisor i£ n on X such 
that {^£ n Y gives rise to the greatest element of the above set. As L n belongs to the above 
set, we can see that L n < (i?„,(g„)oo) a - Moreover, as L n =5£ n V\X, we have {^£ n ,{gn)oof 
is nef by Lemma 4.2.3, so that (i) follows. 

(ii) There are an M-Cartier divisor Jl' on X and a non-empty open set U of Spec(Ojf) 
such that m P is defined by Jl' for all P e UnM K . For each P e M K \ U, let m' P be the 
M-Green function arising from Jl' . As m P — m' p is a continuous function on X P , there 
is a constant 6 P such that m P > m' p + 9 P for all P e M K \ U. Let F P be the fiber of 
X — * Spec(O^) over P. If we set 

Jl=\Jl' + 'S^ — ^f- — r^Fp> m ao\, 

V ^p^m k \u 21og#(Ojf/P) J 

then M > jt ', as required. □ 

By the above claim, {Jl, m^) < {i£ n , {g n )oo) < ^oo) and if„ n X = L n for all n > 1. 
Thus lim^ooinultcCi^) exists for all prime divisors Con^ except finitely many fiber 
components, so that if we choose a subsequence {(.%,, (g«,)oo)}£li of [gn)oo)}™ =1 , 
then limj-^multcCi^, ) exists for all prime divisors C on X. Therefore, by using [26, 
Theorem 7.1], there are an M-Cartier divisor i£ on X and a Q-Green function g^ of 
PSH K -type on X{C) with the following properties: 

(a) multc(i^) = limi^oomultc(i?», ) for all prime divisors C on X. In particular, i£ n 
X = Q. 

(b) deg((if, goo)| c ) > limsup^^degC^.^g^Joo)^) for all prime divisors C on X. 

(c) (if, < (£,qoo). 

Let x be a closed point of X and A x the closure of x in X. Then, asifnX=^nX and 

(i?,goo)<(i2,<7oo), 

dig(QU) = dig((i2, ^UJ > dei((if , g 00 )| A J 

> limsup dega^ , (g„ ; )oo)| A J > 0. 

/— >oo 
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In general, let U be a non-empty open set of Spec(Ojf) such that Q has a defining 
model over U. For a positive number e, by Theorem 4. 1.3, there are a regular model 3£ e 
over Spec(Ojf) and an M-Cartier divisor £l e on % e such that 

Q<(^^oo) a <Q+(o,2 w e[P]). 
Then, by the previous observation, deg( (J2 e , ^oo) a | x ) > 0, so that, by Lemma 4.2.3, 

and hence 

dig(QU) > -e[K(x) : K]#{M K \ U), 
where K{x) is the residue field at x. Thus the assertion follows. □ 

Lemma 6.2.5. (1) Let 

L\ — {Li,{(li) P }p eMt: ) and L 2 = (L 2 ,{{l 2 ) P } PeMK ) 

be global adelicR- Car tier divisors of C° -type on X. lfL x andL 2 are relatively nef, 
then 

max{Z 1( L 2 \ := (max{Lj, L 2 ], { max{(Ii) P ,(l 2 ) P }} P6M J 
is also relatively nef. 

(2) LetQ l ={Q\,q\) and Q 2 = (Q 2 , q 2 ) be adelic arithmetic R- Car tier divisors of C°- 
type onX. IfQ l andQ 2 are nef then 

max{Q v Q 2 } := {max{Q 1 ,Q 2 },{max{{q 1 ) P ,{q2)p}} PeMK 

ufmaxK^Joo^^k}}) 

is also nef. 

Proof. (1) We set L x = a u Xi H h a ir x r and L 2 = a 2X X\ H 1- a 2r x r , where X\,...,x r 

are closed points on X and a n , . . . , a ir , a 2 \,...,a 2r e R. Let us choose an non-empty 
Zariski open set U of Spec(Ojf ), a regular model 3Cu over U and nef M-Cartier divisors 
S£\ and i£ 2 on %u such that h and l 2 are given by i£\ and i£ 2 over U, respectively. For 
i = 1, . . . , r, let Ci be the Zariski closure of x t in %u. Shrinking U if necessarily, we may 
assume the following: 

(a) i£\ = a n Ci -i \-a\ r C r andi? 2 = «2iCi H Ya 2r C r . 

(b) QnC^forall i^j. 

Then, by the properties (a) and (b), for P e LA, it is easy to see that max{(/i)p,(Z 2 )p} is 
given by g((,r [/ ) (P) ,max|^ 1 ,^ 2 } ( p ) ), where {%u\p) is the localization of% u ^U at P. Note that 
maxjifi,^} is relatively nef by (2) in Lemma 6.1.2. Moreover, for PeM K \ U, by (2) in 
Proposition 6.1.5, max{(/i) P , {l 2 ) P } is of (C° n PSH)-type. Thus the assertion follows. 

(2) By [26, Lemma 9.1.1], max^i^,^),^} is of (C°nPSH)-type, so that, by virtue of 
(1), it is sufficient to show that deg(max{Q 1 ,Q 2 }| x ) > for all closed points x of X. As 

Supp M (max{Qi, Q 2 } - Qi) n Supp R (max{Qi, Q 2 } - Q 2 ) = 0, 

we may assume that x Supp M (max{Qi, Q 2 } - Qi). If we set 

Q^maxJQi.Cy-Q!, 



B:=\h c 
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then Q is effective and x ^ Supp R (Q), so that deg(Q| x ) > 0. Therefore, 

feg{max{Q v Q 2 }\ x ) = d^Q^ + fe&QU) > 0, 

as required. □ 

Proof of Theorem 6.2.3. Let us start the proof of Theorem 6.2.3. We choose 

M = (M, m) £ T[D; R). 

Let T([M, D];R) be the set of all nef adelic arithmetic M-Cartier divisors L = (L, I) of 
C°-type on X with L<R and M < L<D. For each closed point x e X, we set 

a x = sup {mult, (I) | (L, / ) e T([M, D]; R)} . 

Note that, if x g Supp M (D)uSupp M (M), then mult x (L) = for all I = [L, I ) e T( [M, D] ; i?). 
In particular, a x = 0, so that we set Q = ^ x a x x, which is an M-Cartier divisor on X with 
Q<R. By using Theorem 6.2.1, let (Q, {gpjpeMjJ be the greatest element of 

_f — _ Lisa relatively nef global adelic M-Cartier 1 

'-[ 1 ' { IApsMk) divisor on X such that L<Q and T<TT )' 

Note that (Q,{q P } P eM K ) > M T because A? T e A. Moreover, by [26, Theorem 4.6], there 
is a Q-Green function q x of (C° n PSH)-type on X(C) such that ^ yields the greatest 
element of 

/too is a Q-Green function of (C° n PSH)-type 
on X(C) and /z^ < 

As max{moo, q^} is an element of B (cf. [26, Lemma 9.1.1]), we have < q^. Here we 
set 

Q--=iQ,{qp}peM K u{qoo})- 

Clearly M < Q < D and Q < i?. 

Claim 6.2.6. TTzere zs a sequence {L„ = (L„, i„)J _ in T([M, D];i?) swcfa f/ia£ 

a x = lim mult x (L„) 

for all closed points xeX. 

Proof. Let {xi,...,Xjv} := Supp R (D) U Supp M (M). For each i = l,...,N, we can find a 
sequence {l;,„ = (L /(W , w=1 in T([M,D];i?) such that 

a Xi = lim mult*,. (!/,„). 

WesetL,j =max{Li > „,...,L Af> „}forn > 1. Then, by (2) inLemma6.2.5, L n &T{[M,D];R), 
and hence 

a Xi = limmult Xi (Z,„) 

n-*oo 

for / = 1, . . . , N. If x ^ {xi, . . . ,x N ], then a x = and mult x (L„) = for all n. Thus we have 
the claim. □ 

As maxj^oo^/jjoo} e B by [26, Lemma 9.1.1], we have {l n )<x < ^<x>- Moreover, l/ < Q T 
because iZ e A. Therefore, L„ < Q, so that, by Lemma 6.2.4, Q is nef. In particular, 
Q e T(D;i?). We need to check that Q is the greatest element of T(D; R). Indeed, let 
L = (L, I) e T(D;i?). Then L and Zoo e 6, and hence L < Q and /«, < g^, as 
required. □ 
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Corollary 6.2.7 (Zariski decomposition for adelic arithmetic divisors). Let D be an 
adelic arithmetic R-Cartier divisor of C°-type on X. LetT{D) be the set of all nef adelic 
arithmetic R-Cartier divisors L of C° -type on X with L < D. IfT{D) ^ 0, then there is 
the greatest element Q ofT{D), that is, Q e T{D) and L < Q for all L e T{D). More- 
over, the natural map H°{X,aQ) — > H°{X,aD) is bijective for a e R >0 . In particular, 
voi(Q) = vol(D). 

Proof. Applying Theorem 6.2.3 to the case where R = D, we have the first assertion. 
Let us see the second assertion. Let e H°{X, aD), that is, aD + (0) > by Proposi- 
tion 4.3.1, so that D > (l/a)(0-i). Note that (l/a)(0-T) is nef, and hence (l/a)(0-T) e 
T(D). Therefore, Q > (l/a)(0" 1 ), that is, aQ + (0) > 0, which means that e H%X, aQ) 
by Proposition 4.3.1. □ 

Remark 6.2.8. There are several conditions to guarantee T{D) ^ 0. For example, if 
H\X, aD) / {0} for some a e R >0 , then T{D) # &.Jndeed, H°{X, aD) # {0} implies that 
aD + (0) > for some (p e Rat(X) x , so that (l/aX^" 1 ) < D. Note that {\/a){(p- 1 ) is nef, 
and hence (\/a\cj)~ l ) e T{D). In particular, if D is big, then T{D) ^ 0. As a conjecture, 
we expect that if D is pseudo-effective, then T{D) / 0. 

7. Characterization of nef adelic arithmetic divisors on arithmetic surfaces 

In this section, we consider a generalization of the numerical characterization of 
nef arithmetic divisors proved in [28] to adelic arithmetic divisors. Namely, we will 
prove that an integrable adelic arithmetic M-Cartier divisor D of C°-type on a projec- 
tive smooth curve over a number field is nef if and only if D is pseudo-effective and 
deg(D ) = vol(-D). Throughout this section, let X be a projective, smooth and geomet- 
rically integral variety over a number field K. 

7.1. Hodge index theorem for adelic arithmetic divisors. We assume that dimX = 1. 
Let us start with a refinement of the generalized Hodge index theorem on an arithmetic 
surface. 

Theorem 7.1.1. Let D — {D, g) be an integrable adelic arithmetic R-Cartier divisor of 
C°-type on X. Tfdeg(D) > 0, then deg(D ) < vol z (D). Moreover, the equality holds if and 
only ifD is relatively nef. 

Proof. Let T re i[D) be the set of all relatively nef adelic arithmetic M-Cartier divisors L of 
C°-type on X with! < D (cf. Corollary 6.2.2). Then, by Corollary 6.2.2, T re i(D) has the 
greatest element Q = (Q, q), that is, Q e T re/ (D) and I < Q for all L e T re i(D). Further, 
we have the following: 

(1) vo\(Q) = vo\(D)._ 

(2) If we set N:=D-Q, then N = (0, 0) and deg(Q • N) = 0, where = {(pp}peM K U 
{0oo} is a collection of integrable continuous functions. 

By Theorem 5.3.2, 

dei(Q 2 ) = vol z (Q)=vol z (D). 

Note that 



deg(iV 2 )= log#(O J ,/P)deg p ((O,0 P );0p) + ^ 

PeM K J 



cpoodd^cpoo), 

X(C) 
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so that, by Lemma 2.4.1 1 and [27, Proposition 1.2.3], we have 

deiCD 2 ) = dii(Q 2 ) + feg(N 2 ) < dii(Q 2 ). 

Thus the first assertion follows. In addition, by using the equality conditions in Lemma 2.4. 1 1 
and [27, Proposition 1.2.3], 

deg(D 2 ) = vo\ (D) ^ degCZV 2 ) = 

<=> P (VP e M K ) and 0^ are constant functions 

<=> D is relatively nef, 
as required. □ 

As a consequence of the above theorem, we have the Hodge index theorem for adelic 
arithmetic divisors. 

Corollary 7.1.2. Let D = {D, g) be an integrable adelic arithmetic R-Cartier divisor of 

2 

C°-type on X. Ifdeg{D) = 0, then deg(D ) < 0. Moreover, the equality holds if and only if 
D = {ijj) R + (0, A [oo]) for some ip eRat(X)* andX^R. 

Proof. By Theorem 7.1.1, deg(D 2 ) < vol z (D) < vol(D), so that it is sufficient to show 
that vol(D) = for the first assertion. Indeed, if vol(D) > 0, then, by the continuity of 
the volume function (cf. Theorem 5.2.1), vol(D — (l/n)jz/ ) > for a sufficiently large 
n, where j4 is an ample arithmetic Cartier divisor on some regular model of X. In 
particular, deg(D) > (1/ n) deg(js/ n X) > 0, which is a contradiction. 

Next we consider the equality condition. Clearly if D = {ip) R + (0, A[oo]) for some 
ip e Rat(X)^ and AgI, then deg(Z> 2 ) = 0, so that we assume that deg(L) 2 ) = 0. Let X be 
a regular model of X over Spec(Ojf ). 

Claim 7.1.2.1. There is anR-Cartier divisor 9) onX such that@nX = D and{Q}-C) = Q 
for any vertical curves C onX . 

Proof. Let U be a non-empty Zariski open set of Spec(Ojf ) such that X — > Spec(Ojf) is 
smooth over LA. Let % be the Zariski closure of D in SC. Then the degree of % along 
every smooth fiber of X — » Spec(Ojf ) is zero. Moreover, using Zariski's lemma, for each 
P e M K \ U, there is a vertical M-Cartier divisor Z P in the fiber F P over P such that the 
degree of % +Z P along every irreducible component of F P is zero. Therefore, if we set 
® = % + XpeM^ \u^p> we have our desired M-Cartier divisor. □ 

We set T)' := (®,goo) a , </>p := gp ~ g{x m , @ (P) ) and := Xp eMjf ^pI?]' where X (P) is 
the localization of X — > Spec(O^) at P and is the restriction of @ to X( P y Then 

D = D +(0,0). Note that deg(D' • (0, )) = because (S> • C) = for any vertical curve C 
in X, so that 

= digCD 2 ) = digCD 2 ) + dei((0, 0) 2 ). 

Therefore, 

dei(D 2 ) = dii((O,0) 2 ) = O 
because deg(D ) < and deg((0, 0) 2 ) < by the first assertion. As 

dei(D 2 ) = dii((®,goo) 2 ) = 0, 
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by virtue of [28, Lemma 4.1], 

D =0F) K + (0,J7 / [oo]) 

for some ip' e Rat(Xg and an -invariant locally constant function rj' on X{C). More- 
over, by using the fact deg((0, ) 2 ) = together with Lemma 2.4. 1 1 , <p P is a constant for 
all P e M K . Note that P = expect finitely many P e M K . In addition, for each P e Mjf , 
there is f P eK x ® z R such that {f P ) = P on Spec(Ojf ). Therefore, 

D = (^% + ((W'[oo]) 

for some ijj" e Rat(X)^ and an Fo -invariant locally constant function r\" on X{C). Thus, 
by using Dirichlet's unit theorem, we have the second assertion of the corollary (cf. [28, 
Proof of Lemma 4.1]). □ 

7.2. Arithmetic asymptotic multiplicity. Let K be either Q or M. Let 

Rat(X)* :=Rat(X) x ® z K, 

and let 

(V:Rat(X)^Div(X) K and f) K : Rat(X) x ^ Di7 c0 (X) R 
be the natural extensions of the homomorphisms 

Rat(X) x -» Div(X) and Rat(X) x -» Div* (X) R 

given by >-» (0) and >-» (0), respectively. Let D be an adelic arithmetic M-Cartier 
divisor of C°-type. We define f X (X, D) to be 

f x (X, D) := {0 e Rat(X) x | D + (0) K > (0, 0)} . 

For E, € X, the K-asymptotic multiplicity ofD at E, is defined to be 

/inf {mult ? (D + (0) K ) I e f x (X, D)} if f X (X, D) # 0, 
1 00 otherwise. 

Proposition 7.2.1. LetD and E be adelic arithmeticR-Cartier divisors of C° -type on X. 
Then we have the following: 

(1) p KA {D + E)<p K ^{m + p K , £ (E). 

(2) IfD SE, then p K ,dE) ^p K ?{D) + mult ? (F - D). 

(3) p K ,dD + {cj)) K ) = p^(D)forct) eRat(X) x . 

(4) p^?{aD) = ap K ^{D) for a e K> . 

(5) £//R, f (D) < /x Qif (D^ 

(6) 7/\D is Wg, then P\r,e{D) = p % £D). 

(7) IfD is nefand big, then p K ^{D) = 0. 

Proof. (1), (2), (3), (4) and (5) can be proved in the same way as [25, Proposition 2.1]. 
For the proofs for (6) and (7), let us begin with the following claim: 

Claim 7.2.1.1. LetDi,...,D r be adelic arithmetic^- Car tier divisors of C° -type on X. If 
D is big, then 

lim fj,Q,^{D + X\Di H V x r D r ) = p®?{D). 

(x 1 ,...,x r )->(0,...,0) 
{x 1 ,...,x r )e<Q r 



70 ATSUSHI MORIWAKI 

Proof. Here we define / : Q r — >Mu{oo} to be f{x) := (j,q^(D x ) for x = [xi,...,x r ) £ Q r , 
where 

D x = D + x l D l + — + x r D r . 
Note that / is a convex function over Q, that is, 

f(tx + (l-t)y)<tf{x) + (l-t)f{y) 

for all x,y e Q r and t e [0, 1] nQ. Indeed, by using (1) and (4), 

f{tx + {l - t)y) = fJL % dtD x + {l - t)D y )<fi % dtD x ) + fJL % ^l - t)D y ) 
= tf{x) + (l-t)f{y). 

Moreover, by virtue of the continuity of the volume function, there is a positive ratio- 
nal number c such that D x is big for all x e (-c,oo) r nQ r . Therefore, by [24, Proposi- 
tion 1.3.1], there is a continuous function / : (— c, oo) r — > M such that / = / on (— c, oo) r n 
Q r . Thus the assertion follows. □ 

(6) Let G f *(X,D), that is, = 0? 1 ■■■(p a / and 75+ «i(0O + • • • + a r (57) > for some 
,(f) r e Rat(X) x and a\,...,a r el. By using [26, Lemma 5.2.3 and Lemma 5.2.4], 

for each i, we can find effective adelic arithmetic M-Cartier divisors A t and B t of C°- 
type on X such that (0;) = A t - B t . For n e Z >0 , we choose x !>n e R and x- n e Q such 
that a,- +x ; > e Q and < x i<n < x' i n < l/n. Then 

= D + ^ . fl j + ^ . > 0, 

and hence 

On the other hand, by using Claim 7.2.1.1, 

lim/i Q>? + ij. AT)) 

and 

lim mult f (o + ^JC^Bz+^Cfli +x i(B )(0 < )) = mult ? [d + ^. fl;(0;)) . 

Thus 

/iQ, f (D) < mult ? + ^ a,(0,)) - 
which yields jj,qr{D) < /jLr^{D), so that (6) follows from (5). 

(7) By (5), it is sufficient to see that (j,q^{D) = 0. We set 

D = {D,{g P } PsMK Uig 00 }). 

Let U be a non-empty open set Spec(Ojf ) such that D has a defining model over U. For 
each n e Z >0 , by Proposition 4.4.2, there is a normal model X of X and a relatively nef 
M-Cartier divisor 2> on X such that @nl = D and 

{% goo f - (l/n) [o^p.m k \u [P] ) ^ ^ Soof- 
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Note that [°J, g^) is nef and big, so that, by (2) and [25, Proposition 2.1, (6)], 

< £tQ,f j^D + (1/n) (o,X PeMiC \ y [P] ) ) - goo)) = 0, 

and hence /i Q>? (D + (l/n)(o,X P6Mjf \y[ p ])) =0 " Further, by Claim 7.2.1.1, 

^, f (D) = Jm^ (p + (l/n) (0,X PSMAU [P])) . 
so that (7) follows. □ 

7.3. Necessary condition for the equality vol = vol z . Let K be an algebraic closure of 

K and Ij:=Ix Spec{K) Spec(X). 

We fix a monomial order To on Z> , that is, 70 is a total ordering relation on Z> with 
the following properties: 

(a) (0,...,0)^AforallAeZ^ . 

(b) If A^B for A, Be Z^ , then A + C 70 B + C for all C € Z^ . 

The monomial order 70 on Z> extends uniquely to a totally ordering relation 70 on 7L d 
such that ,4 + C 70 5 + C holds for all A, 5, C e Z d withATo B. _ 

Let zp = (zi, . . . , Zd) be a local system of parameters of at P e Note that 
the completion 6x T ,p of 6x T ,p with respect to the maximal ideal of (?x w ,p is naturally 
isomorphic to K[[zi, . . . , Za]]. Thus, for / e &x T ,p> we can put 

/= 2 <W., fld) z^-^ d , {c (ai ,..., aa) GK). 



{ ai ,...,a d )eZ d 



We define ord~ p (/) to be 



ord~ p (/) := - 



min{(fli, ...,a d )\ c [ai ,...,a d ) ^ 0} if / # 0, 
00 otherwise, 



which gives rise to a rank d valuation, that is, the following properties are satisfied: 

(i) ordJ p (/g) = ordJ p (/) + ordJ p (g) for f,ge G x - P . 

(ii) min {ordJ p (/), ordJ p (g)} 70 ord~ p (/ + g) for /, g e ^_ P . 

By the property (i), ord~ p : 6 X - P \ {0} — > Z> has the natural extension 

ordJ p : Rat(X r ) x -* Z d 

given by ord~ {fig) = ord~ (/) — ord~ (g). Note that this extension also satisfies the 



same properties (i) and (ii) as before. Since ord~ (u) = (0,...,0) for all u e 6 X _ P , ox &i 



~ Zp v~, -~ A - F , Zp 

induces Rat(X-^) x /^_ p — > Z rf . The composition of homomorphisms 

„ ord~ 

Div(X r ) Rat x (X r )/^_ p —5 Z d 

is denoted by mult~ p , where a P : DivCX^) — » Rat{X-^) x / & x _ p is the natural homo mo r- 
phism. Moreover, the homomorphism mult~ p : Div(X-^) — > Z d gives rise to the natural 
extension Div(X-^) <g> z M — > M d over M. By abuse of notation, the above extension is also 
denoted by mult~ . 
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Let D = {D, g) be an adelic arithmetic M-Cartier divisor of C°-type on X. Let V, = 
© m >o be a graded subalgebra of R{D) := m > o H°(X, mD) over K. The Okounkov 
body A(l£) of V. is defined by the closed convex hull of 

U {mult~ p (D r + (1/mU)) eR d > \<pe(V m ® K K)\ {0}} . 

m>0 

For f el, let VJ be a graded subalgebra of V. given by 

V J :=(B(v m nH (X,m(D + (0,-2t[oo])))) K , 

m>0 

where (K, nH°[X, m(D + (0,-2f [oo])))) means the subspace of V m generated by 

V m n H\X, m(D + (0,-2t [oo] ))) 
over K. We define G^.^ : A( V.) -> M U {-00} to be 

sup{reM|xeA(y f )} ifxeA(F f ) for some t, 
—00 otherwise. 

Note that G^. v ^ is an upper semicontinuous concave function (cf. [5, SubSection 1.3]). 
We also define vol(D; V.) and vol z (D; V.) to be 

#log(V m n H\X,mD)) 



vol(D; V.) := limsup - 



vol z (-D; V.) := limsup 



m d+l /{d + \)\ 
X{V m CMl\X,mD),\\-\\ ml5 ) 



x " "ZZ^ m d+l /{d + \)\ 

Let Q{D; V.) be the closure of 

{xeA(li)|G (5;l4) W>0}. 

We assume that V. contains an ample series, that is, V m ^ {0} for m » 1 and there is an 
ample Q-Cartier divisor A on X with the following properties: 

(•A<D. 

1 • There is a positive integer mo such that H°(X, m moA) c V mmo for all m > 1. 

Then, in the similar way as [5, Theorem 2.8], [5, Theorem 3.1] and [28, Section 3], we 
have the following integral formulae: 

(7.3.1) ™\(D;V.) = {d + l)\[K:(Q}\ G (13 . x) {x)dx 

JQ{D;V.) 

and 

(7.3.2) vo\ x [D;V.) = {d + \)\[K:q]\ G . x) (x)dx. 

Ja(v.) 

Therefore, in the same way as [28, Section 3], we have the following theorem (cf. [28, 
Theorem 3.4 and Corollary 3.5]). 

Theorem 7.3.3. We assume that D is nef and big and vol(D) = vol z (D) > 0. Then 
H q4 (D) = 0forall^eX. 

Besides it, the following theorem is also obtained: 
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Theorem 7.3.4. Let Q — (Q, q) be a nefadelic arithmetic M- Car -tier divisor of C° -type 
on X. We assume that D is big, Q < D and vol(Q) = vol(D). If we set N = D — Q, then 
Hq,e(D) = mult ? (iV) for all %eX. 

Proof. By using (2) and (7) in Proposition 7.2.1, we have 

Mq,?CD) < MQ,e(Q) + mult f (N) = multf (AO- 
Let us consider the converse inequality. Let B be the Zariski closure of {£} and P a 
regular closed point of B. Let z P = (z\, . . . , Za) be a local system of parameters of Xl p 
such that B is given by Z\ = ••• = z r = 0. We choose a monomial order ^ of Z> such 

that £{a) < £(b) for all a,b e Z> with a^b, where £{xi,...,Xd) = jcH hx r . We set 

v := mult~ p (./V). For simplicity in the case V. = R{D), we denote My,), A(l^), G^. v ^ and 
Q{D; V.) by A D , A f D , Gyj and 0tj, respectively. Let us see the following claim: 

Claim 7.3.4.1. (1) A^ + v CA^ fort Gl. 

(2) GQ(x)<Grj(x + v)/orxeA Q . 

(3) 0p + vceTj. 

(4) mm{£(x) I x e 0tj} < /iQ, f (D). 

Proof (1) Let </> e (H°{X,m{Q + {0,-2t[oo])))) T \{0}. Then 

mult|(Q + (l/m)(</>)) + v = mult|(D + (l/m)(0)), 

which shows (1). 

(2) Let t be a real number with t < Gq(x). Then x e Aq c A£, — v by (1), and hence 
x + v e A^,. Thus t < Gyj(x + v), as required. 

(3) follows because Gq(x) > implies G?j(x + v) > by (2). 

(4) Let</> eH°{X,mD)\{0}. Note that mult^CD + {l/m){cj))) e ©yj and 

£(multJ p (D + (l/m)(0))) = mult ? (D + (l/m)(0)). 
Thus min{£(x) | x e 0^} < muhv(D + (l/m)(</>)). Therefore, we have (4). □ 

Since vol(Q) = vol(D), by using the integral formula (7.3.1) together with (2) and (3) 
in the above claim, we can see that 0q + v = 0-q. We choose x e 0?j such that £{x ) = 
min{^(x) I x e 0-q}. Then there is y e 0q such that y + v = x . As £(y ) > and 
£{v) = multr(Af), by using (4) in the above claim, 

At Q , ? (D) > min{£(x) | x e 0^} = £(x ) = £(y ) + £{v) > £{v) = mult ? (A0, 

as required. □ 

Remark 7.3.5. By virtue of Theorem 7.3.4, we can generalize the necessary and suffi- 
cient condition for the existence of Zariski decompositions on arithmetic toric varieties 
proved in [4, Theorem 8.2] to the case of adelic arithmetic M-divisors. 

7.4. Numerical characterization. We assume that dimX = 1. The following theorem 
is the main result of this section. 

Theorem 7.4.1. Let D be an integrable adelic arithmetic R-Cartier divisor on X. Then 
D is nefifand only ifD is pseudo-effective and deg(D ) = vol(D). 
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Proof. We need to show that if D is pseudo-effective and deg(D ) = vol(D), then D is 
nef because the converse follows from Proposition 4.4.2 and Theorem 7.1.1. 
First we assume that D is big. Since 

degCD 2 ) < vo\(D) < vol(D) 

by Theorem 7.1.1, we have deg(Z) 2 ) = vo\ x [D) and vo\ x (D) = vol(D). Thus, by Theo- 
rem 7.1.1 and Theorem 7.3.3, D is relatively nef and pq t ?{D) = for all ^el On the 
other hand, by Corollary 6.2.7, there is the greatest element Q of T(D). Thus, if we set 
N:=D-Q, then mult ? (iV) = fi^(D) = for all £ e X by Theorem 7.3.4, which means 
that N = 0. Therefore deg( D\ x ) > for all closed point xgX, and hence D is nef. 

Next we suppose that deg(D) > and D is not big. In this case, deg(D ) = vol(D) = 0. 
Thus, for e > 0, by using Proposition 5.1.2, 

e[K:Q] deg(D) = dig((D + (0, e[oo])) 2 ) < vol(D + (0, e[oo])) <e[K:Q] deg(D). 

Therefore, deg((D + (0, e[oo])) 2 ) = vol(D + (0, e[oo])) > 0, so that, by the previous obser- 
vation, D + (0, e [oo]) is nef, and hence D is also nef. 

Finally we consider the case where deg(D) = 0. Then vol(D) = 0, so that deg(D ) = 0. 
By Corollary 7.1.2, 75 = {xp) u +(0, A [oo]) for some ip e Rat(X)^ and A el. As Dis pseudo- 
effective, by (2) in Proposition 4.5.4, deg(7i • D) > for any nef adelic arithmetic R- 
Cartier divisor A of C°-type. Thus we can see that A > 0, and hence D is nef. □ 

Corollary 7.4.2. Let D and Q be adelic arithmetic R-Cartier divisors of C° -type on X. 
Then the following are equivalent: 

(1) Q is the greatest element ofT{D), that is, Q e T{D) and L<Q for all L e T(D). 

(2) Q is an element of 'T(D) with the following property: 

deg(Q ■ B) = and deg(fi 2 ) < 

for all integrable adelic arithmeticR-Cartier divisors B of C° -type with ^ B < 
D-Q. 

Proof (1) => (2) : By Corollary 6.2.7, vol(D) = vol(Q)_Let_5 be an integrable adelic 
arithmetic R-Cartier divisor ~B of C°-type with 0<5<Z>-Q. For0<e<l, 

deg((Q + eBf) < vol(Q + e~B) 
by Theorem 7.1.1. On the other hand, by using Theorem 5.3.2, 

deg((Q + eBf) < vol(Q + eB) < vol(D) = vol(Q) = deg(Q 2 ), 

so that deg((Q + eBf) < deg(Q 2 ). Therefore, 2deg(Q • 5) + edeg(5 2 ) < 0. In particular, 
deg(Q • B) < 0. Moreover, as Q is nef and B is effective, by (2) in Proposition 4.5.4, we 
have deg(Q • B) > 0, and hence deg(Q • B) = 0. 

Q + Bis not nef because B > 0, so that, by Theorem 7.4.1, 

dig((Q + Bf) < vol(Q + B) = vol(Q) = dig((f). 

Therefore, deg(B 2 ) < 0. 
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(2)_=^> (1) : Let L_ bean element of Y(D). If we set A := max{Q, 1} and B := A - Q, 
then 5 is effective, A < D and A is nef by Lemma 6.2.5. Moreover, 

~B=A-Q<D-Q. 

If we assume B > 0, then, by the property, deg(Q • B) = and deg(6 2 ) < 0. On the other 
hand, as A is nef and B is effective, 

< degU • B) = deg(Q + B ■ B) = deg( if), 

which is a contradiction, so that B = 0, that is, Q = A, which means that L < Q, as 
required. □ 

Appendix A. Characterization of relatively nef Cartier divisors 

In this appendix, we consider a characterization of relatively nef Cartier divisors in 
terms of asymptotic multiplicities. Let k be a field and v a complete discrete valua- 
tion of k. Let G7 be a uniformizing parameter of k°. Note that the valuation v is not 
necessarily non-trivial. 

Al. Asymptotic multiplicity. Let X be a {d + l)-dimensional, proper and normal va- 
riety over k° (cf. Conventions and terminology 0.5.4), that is, the Krull dimension of 
X is d + 1, X is proper over Spec(fc°) and X is integral and normal. We denote the 
rational function field of X by Rat(^). Let WDiv{X) and Div{X) denote the group of 
Weil divisors on X and the group of Cartier divisors on X, respectively. In addition, for 
a point x eX, let Div(^;x) be the subgroup of WDiv(^) consisting of Weil divisors @ 
on X such that Qi — {(f>) around x for some cj> e Rat{X) x , that is, ® is a Cartier divisor 
around x. Note that 

Div{X) c Div{X; x) c WDiv{X). 
For example, if x is a regular point of X, then Div^; x) = WDiv{X). We set 

WDiv{X) R := WDiv{X) ® z R, 
Dw{X) m :=Div{X)® z R, 
Div{X; x) M := Div{X; x) ® z R. 

Let X be either Q or R and let Rat(X)^ := {Rat{X) x , x)® z K. Note that the homomor- 
phism 

( • ) : Rat(3f) x -» Div(2f ) 
given by / >-» (/) has the natural extension 

(•):Rat(^)^Div(^) M( 

that is, for = ff" 1 ■ ■ ■ ff a < e Rat{X)^ . . . , f r e Rat(3f) x , « r e K), 

(0) = «l(/l) + - + flr(/r). 

Let be an R-Weil divisor on that is, C J e WDiv{X) m . We define T X {X,9) and 
r*(3f,®)to be 

r x {X,9):={(j)£RdLt{X) x |@ + (0)>O}, 
r* @) :={</> e Rat(iT)* | ® + (0) > 0} . 

I 
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Let iv : Rat(5T) — » M U {00} be an additive discrete valuation over k. Namely, w satisfies 
the following conditions: 

(1) w(f ■ g) = w(f) + w(g) for all f,ge Rat(^). 

(2) w(f + g) > mm{w(f), w{g)} for all f,ge Rat(JT). 

(3) / = if and only if w{f) = 00. 

(4) w{a) = -log v{a) for all a e/c x . 

Let 6 W be the valuation ring of w and m w its maximal ideal, that is, 

w = {feRat{3£)\w{f)>O} and m w = {/ e RatGSf ) I w{f)>0}. 

Note that k° c ^ and k°° c m^, so that G w /m w is a /c°/fc 00 -algebra. We say if is a 
divisorial valuation qfRat(^) over k if trdeg^^oo G w /m w = d. For a divisorial valua- 
tion w of Rat(^T) over k, there are a normal variety y over a vertical prime divisor 
T on y and a birational moronism /i : V — > X over Spec(fc°) such that w = a ord r for 
some a e M> . Indeed, it can be shown as follows: We may assume that v is non- 
trivial. Otherwise the assertion follows from [34, Chapter VI, § 14, Theorem 31]. We 
choose Xi, . . . , xa <= 6 W such that xi,...,xa form a transcendental basis of G w / m w over 
k°/k°°. Then Rat($T) is a finite extension of k{xi,...,Xd) and the transcendental de- 
gree of k°[x\, . . . , xa]/ k°[x\, . . . , xa] n m w over k°/k°° is d. Let i? be the normalization of 
k°[xi,...,Xd] in Rat(^"). Note that R is finite over k°[xi,...,Xd] because k° is excellent. 
In addition, R c <g wt R n m w is a prime ideal of R and trdeg jt o /jt o(.R/.R n m w ) — d, which 
prove the assertion. 

We denote the set of all divisorial valuations of Rat(<3K") over k by DVal*;^"). As 3£ is 
proper and separated over Spec(/c°), there is a unique morphism t : Spec(^) — » X such 
that the following diagram is commutative: 



Spec(Rat(3f)) 




Spec(^) >- Spec(fc°) 

Let x be the image of the closed point m w by t . The point x is called the center ofw on 
X. Note that ^1 (the central fiber of X -* Spec(fc°)). For ® e Div(3f;x), multj®) 
is defined by w{f), where / is a local equation of ® at x. In this way, we have a map 

mult^ :Div02f;x)^Z. 

It is easy to see that mult^ is a homomorphism, so that we have the natural extension 

mulu :Div(3T;x)K->]R ( 

that is, 

mult u ,(ai®i H ha r @' r ) = aimult I( ;(@ , i)H ha r mult !„(©,-), 

where @i, . . . , % e Div(^; x) and a\, . . . , a r G JR. 



For @ e Div(^T;x) M , we define ;U K)M ,(@) to be 

' inf {mult w (@ + (0 )) I e r* ®)} if r* (3f , ®) # 0, 
00 otherwise, 



which is called the K-asymptotic multiplicity ofS> at w. Here we give one additional 
definition. An M-Cartier divisor @> (i.e. Qs e Div($T) R ) is said to be big if S> is big on 
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the generic fiber X — » Spec(fc°). First let us observe elementary properties of the as- 
ymptotic multiplicity. The arithmetic version can be found in [25, Proposition 2.1 and 
Theorem 2.5] and Proposition 7.2.1. 

Proposition A.1.1. Let w be a divisorial valuation o/Rat(^) over k and x the center of 
w on X. For S>, 8 e Div(^"; jc) k , we have the following: 

(1) /W® + <n</W®)+/W^). 

(2) If9)<g, thenn^ w {S)<ix K , w m + mu\t w {S-Q}). 

(3) p, K , w {S> + (0)) = fJi K , w mfor<p e Rat(3f )* . 

(4) p K , w {a9J) = ap K , w {9>)foraeK >0 . 

(5) 0</iM,^(®)<A«Q,u,(®). 

(6) Let v -.ty ' ^>X he a birational morphism of proper and normal varieties over k°. 

(6.1) If 9} is anR-Cartier divisor on X , then p KiW {v*C2s)) = p KiW {^). 

(6.2) Letx andy be the centers ofw on X and , respectively {note thatv{y) = 
x). We assume that v is an isomorphism over x . Then, for 9}' eDivC^y), 

/Wnf®')) </%,„,(©'). 

(7) If 9) is an R-Cartier divisor on X and @> is relatively nef with respect to X — > 
Spec(/c°) {cf. Conventions and terminology 0.5. 6) and big, then /i K ,w/(S) = 0. 

(8) IfQi is an R-Cartier divisor on X and S is big, then pq iW {Q) = Hm., w (S>). 

Proof (1) If F^{X, S + <?) = 0, then either F^{X, S) = or T*{X, S) = 0, so that we 
may assume that T^{X, S + <£) # 0. Thus we may also assume that T^{X, S) # and 
T^{X, S) ^ 0. Therefore, the assertion follows because <j>tp e T^(X, 9 + 3) for all e 
T*{3H;,m and ipeT* 

(2) is derived from (1). 

(3) The assertion follows from the following: 

ipeTltX,®) <=> ^0- 1 er^,® + (0)). 

(4) Note that tp e T*{X, S) if and only if ip a e \ X {X, a9)\ and that 

multja® + {ip a )) = a mult^S + (tp)), 

which implies (4). 

(5) is obvious. 

(6.1) For eRat{X)^, S + (0k >0ifand only if v*(S) + (0k > 0. Thus 

r*(^,s) = r*(^,v*(s)). 

Moreover, 

mulU® + (0 k) = mulUv*(@0 + (0 V). 

Therefore, we have (6.1). 

(6.2) Let0 er*(^, 9'), that is, S' + (0k>O. Then 

< v*(S' + (0 k) = v*(S') + (0k. 

The above observation means that S') c r^(^T, v^S'))- Moreover, by our as- 

sumption, 

mult^S' + (0k) = mult^v^S') + (0k) 
for e T* (S', SO- Thus the assertion follows. 
(7) Let us begin with the following claim: 
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Claim A.l.1.1. If X is projective over Spec(A; ), then, for any Cartier divisor 8 on X, 
there are effective Cartier divisors j4 and 3$ onX such that 8 = j4 — S% . 

Proof. Let be an ample Cartier divisor on X. Let 8 = e^Ti H h e r T r be the de- 
composition as a Weil divisor. As is ample, for a sufficiently large I, there is € 
H%X , l#e)\ {0} such that j4 := / J^+(0) is effective and multr,^) > e t for / = 1, . . . , r. 
Thus m := j4 - 8 is effective and 8 = j4 ' □ 

Let us go back to the proof of (7). By (5), it is sufficient to show that Pq, w {9) = 0. 
By using Chow's lemma together with (6.1), we may assume that X is projective over 
Spec(A;°). First we assume that 9) is an ample Q-Cartier divisor. Then there is € 
T^{X, S>) such that mult^® + (0)) = 0, and hence pq, w (2i) = 0. 

Next we assume that ® is ample. By using Claim A.l.1.1, we can set 

® = ai®iH ha r @ r , 

where 2>i, . . . , 2> r are effective Cartier divisors and E R. For any n > 0, there 

are 5i, . . . , 5 r e R such that < <5; < l/n and a t — 5 t e Q for all i and that [ai — + 
— \-{a r — 5 r )9 r is ample. Then, by (2) and the previous case, 

}i:.uYy) < Pq, w (( a i ~ 5 M + — + (fl r - 5 r )%) + multQ, w (5i®i + ••• + 5 r ® r ) 

< 5 X mult w (®i) + • • • + 5 r multjSV) 

<(l/»Xmult w (®i) + - + mult w (® r )), 

which proves the assertion in this case. 
Let us consider a general case. 

Claim A. 1.1. 2. There are an ample Q- Cartier divisor j4 onX and e Rat(X)^ such 
that 8 := ® — j4 + (0) is effective. 

Proof. If y is trivial, then /c° = /c, so that the assertion is obvious. We assume that v 
is non-trivial. Let j4' be an ample Cartier divisor on X . Let X be the generic fiber of 
X -» Spec(A: ), D := ® nl and A' := /nl Then, as D is big, there are n e Z >0 and 
0ieRat(5f) x such that 

rcD-A' + (0!)>O 

onl. Therefore, we can find m eZ >0 such that nQ — j4' +[_4>\)+ m{xjj) > 0, andhence, 
C J - {1/nW + (0 1 1/ "oj m /' i ) > 0, as required. □ 

As j4 + (1 - e)8 = ej4 + {\- e)(@ + (0)) is ample for < e < 1, by using (2), (3) and 
the previous assertion in the case where @ is ample, 

P%w{®) = ll . M U/ +8 + {(j)- 1 )) = /i ;:.„.(.</ +8) = ;;.„.(.</ + (1 - e)<? + 6<?) 

< /'::.„•(•</' + (1 - e)<?) + emult u ,(<g') < emurt„,(<§') ( 

and hence p :.„(''./) = 0. 

(8) In the same way as (7), we may assume that X is projective over Spec(/c°). Let = 
0? 1 ---0?' er^,@), where 1( ...,0 r eRat(5f) x andfl b ...,fl r el. By Claim A.l.1.1, 
for each i, there are effective Cartier divisors ^ and on such that (0;) = sfi — 
Here we consider a map / : Q r — » R U {oo} given by 

fit l ,...,t r ) = p %w (®+t l @ l + --- + t r S$ r ). 

Claim A.l. 1.3. lim /(?!,..., ? r ) = /(0,...,0) = u Q w {9)\ 
(f 1 ,...,f r H(o,...,o) 
(fi,..,f r )eQ r 
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Proof. First note that there is a positive rational number c such that ^+t l ^ l -\ h t r S& r 

is big for (f 1( . . . , t r ) e (— c, oo) r n Q r . Moreover, by using (1) and (4), we can see that / is 
a convex function over Q, that is, f{Xt + (1 - X)t') < Xf{t) + (1 - X)f{t') for t , t' e Q r 
and X e [0, 1] n Q. Therefore, by virtue of [24, Proposition 1.3.1], there is a continuous 
function / : (— c, oo) r — > M such that / = / on (— c, oo) r n Q r , which shows the assertion 
of the claim. □ 

For each i = 1, . . . , r and n e Z >0 , we choose £ !; „ e M and t' i n e Q such that a, + e Q 
and < t tl „ < t' in <l/n. Then 

® + ^ n^i + t/,»X0i) > ® + +Y!.(fli + f<,n)(0<) 

= ® + fl/(0i) + X, t '.» J ^' - °' 

and hence 

Thus, taking the limits as n — > oo together with Claim A. 1.1. 3, we have 

/iQ, w (®) < mult w (® + X, a '(0'))» 
which gives rise to p,Q, w {^) < /jLr, w {^), so that (8) follows from (5). □ 

A.2. Sectional decomposition. Let X be a regular and proper variety over Let @ 
be an M-Cartier divisor on X. We assume that T X {X , ®) # 0. We set 

B s(®) := n^ r x ( ,*-3) Supp M (® + (0)), 
- JF(®) : = £ r inf {mult r (® + (0)) | e r x GT , ®)} • T, 

where T runs over all prime divisors on X. Note that the above "inf" can be replaced 
by "min" because the set {mult r (® + (0)) | e r x CSf , ©)} is discrete in M. The decom- 
position ® = ^ (3?) + ^(@) is called the sectional decomposition of 9). 

LemmaA.2.1. (1) The natural inclusion map 

H°{X, (@)) — > H°{X, 3)) 

is bijective. 
(2) codimBs(^(S>))>2. 

Proof. By our construction, @ + (0) > J?"(@) for all e r x {X,9). Thus (1) follows. 
Moreover, if codimBs(^(@)) = 1, then there is a prime divisor T such that 

mult r (5»(@) + (0))>O 

for all € r x (3f, ®), that is, mult r (® + (0)) > multrW®)) for all e r x (3f, C J\ which 
is a contradiction. □ 

From now on, we assume that T^(X, 2>) # 0. We set 

AT(®) :={meZ>j | r x (X, ra@) # 0}. 

Note that N{&) # 0. For m e iV(©), we set & m := J*(m@) and & m :=^ > (m&). 
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Lemma A.2.2. (1) 2F m + & m > > & m+m > for m,m' & iV(@). In particular, 





Proof (1) is obvious because 00' e T x {X,{m + m')Q)) for all e r x (^T, ra@) and 0' e 
r x (^, ra'®). For (2), note that 



A.3. Characterization in terms of \x w . The following theorem is a characterization of 
relatively nef Cartier divisors in terms of the asymptotic multiplicity. 

Theorem A.3.1. Let X be a{d + I) -dimensional, proper and normal variety over k° 
and let @ be an R-Cartier divisor on X '. IfT^{X, @) / and pq, w {S) = for all w e 
DVal k {X), then 3> is relatively nef. In particular, if Si is big, then the following are equiv- 
alent: 

(1) 9) is relatively nef with respect toX ^> Spec(A; ). 

(2) p %w {9) = 0forallwe~DVal k {X). 

(3) n^wloi) = for all w e DVal fc (^'). 

Proof. Let us begin with the following claim: 

Claim A.3.1. 1. Let W be a normal and proper variety over k° and let v : & — > X be a 
dominant morphism over Spec(/c°) such thatRati^) is algebraic over RaX{X). If 

T^X,&)^& and p; M \ f y) o 

for all w e DVa\ k {3£), then pq, w >{v*(®)) = for all w' e DVal fc (®0. 

Proof. Let w' be a divisorial valuation of Ratt'SO over k and let w be the restriction of 
w' to Rat(^). As Rat(^) is algebraic over Rat(^), we can see that 6 W <I m w > is algebraic 
over 6 w jm w , so that if is a divisorial valuation of Rat(^ ) over k. Then, for an M-Cartier 
divisor % on X, muhv(v*(i? )) = mult^). Thus, 



ClaimA.3.1.2. We may assume thatX is regular and projective over Spec(fc°). 

Proof. We assume that the theorem holds if X is regular and projective. By de Jong's 
theorem [13], there is a regular and projective variety <3/ over k° together with a domi- 
nant morphism p : 9 — > X over Spec(/c°) such that Rat(^) is algebraic over Rat(^). By 
the previous claim and our assumption, we can see that v*(@) is relatively nef, so that 
@ is also relatively nef. □ 



r^(x,®) = |J (r x (^,m@)) 



□ 




which prove the claim. 



□ 
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Let C be an irreducible and reduced curve on tj^o * Let us see (® • C) > 0. Clearly we 
may assume that @> is effective and C c Supp R (®). There is a succession of blowing- 
ups p : X — > X at closed points such that the strict transform C of C is regular (cf. [17, 
Theorem 1.101]). If (p*(@) • C) > 0, then (@ • C) = (p*(@) • C) > 0, so that we may assume 
that C is regular. 

Let 7i : <& — » $T be the blowing-up along C and let ^ be the exceptional set of 7i. 
Let 2?' be the strict transform of 9. Then 7i*(®) = ®' + e8 for some e e Z >0 . Let H 
be a very ample divisor on 8. Choosing general members H x , H d - X of \H\, we set 
C = Hi n ••• n H d _i and 7r*(C0 = aC for some a e Z >0 . As H\,...,H d - X are general, 
C 2 Supp M (®0 n If [8 ■ C) = ( • H^- 1 ) > 0, then 



Thus we may assume ( 6 x {0)\ g • H d ~ l ) < 0. 

Let m7i*(@) = & m + & m be the sectional decomposition of mn*{Qi). By virtue of (1) 
in Lemma A.2.2, there are finitely many prime divisors Fi, . . . , F r of <3/ such that 



for some a m> i, a mj e R> . First we assume that r ; ^ 8 for all i = 1, . . . , r. Choosing 
general members Hi, . . . , H d - 2 e |H| if necessarily, we have 

C g (Bs(^ m ) u Tj u • • • u r r ) n 8, 



Therefore, we may assume that Ti = 8. By (2) in Lemma A.2.2 and our assumption, 
lim a m ,i/m = 0. For any e > 0, we choose m such that < a m ,i/m < e. As before, 



choosing general members Hi,..., H d - 2 e \H\ if necessarily, 

C £ (Bs(^ m ) u r 2 u • • • u r r ) n 

holds, so that {&> m ■ C) > and (Tj • CO > for i = 2, . . . , r. Thus 

a(& ■ C) = (n*m ■ C) > (a m Jm)(8 ■ C) > e( X {8% ■ H d ~ 2 ). 

Therefore (® • C) > because e is an arbitrary small number. 

Finally, the last assertion of the theorem follows from the first assertion, (7) and (8) 
in Proposition A. 1.1. □ 

As a corollary, we have the following characterization of relatively nef M-Cartier divi- 
sors. It is proved in [6, Theorem 5.11 and Lemma 5.12] in the case where the character- 
istic of k°/ k°° is zero. In general, it seems to be proved by Thuillier. Note that our proof 
is based on de Jong's alteration. 

Corollary A.3.2. LetX be a proper and normal variety over k and let L be anR-Cartier 
divisor on X. Let X be a normal model ofX over S\oec{k°) and let f£ be an R-Cartier 
on X with i£ n X = L. We assume there is a sequence {{X n , J£ n )}™ =1 with the following 
properties: 

(1) X n is a normal model of X over Spec(/c°). 

(2) i£ n is a relatively nefR- Car tier divisor on X n such that ££ n (~\X = L. 

(3) lim n ^ 00 mult w (if n ) = mult l< ;(^f) for all w e DVal fc {X). 



a{& ■ C) = (tt*(S0 • CO = (©' • CO + e{8 ■ C) > 0. 



and hence 




;=i 
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Then i£ is relatively nef. 

Proof. If v is trivial, then the assertion is obvious, so that we assume that v is non- 
trivial. Clearly we may assume that there is a birational morphism v„ : X n — » X over 
A;°. By using Chow's lemma, we have a birational morphism \x : X' — > X over k° such 
that #T' is projective over Spec(fc°). Let X' be the generic fiber of X' -> Spec(A; ). Let X' n 
be the normalization of the main component of X n x iT X', and let [x n ;X' n ^> X n be the 
induced morphism. We set 



Then X' n is a model of X' over Spec(A; ) and 5£' n is a relatively nef M-Cartier divisor on 
X' n such that ££' n C\X' = I! . Moreover, 



for all w e DValfc(^T). Therefore, we may assume that X is projective. 

Let j4 be a relatively nef and big Cartier divisor owX . As L is nef on X, 5£ + e j4 is 
nef and big on X for e > 0, so that, by virtue of Theorem A.3. 1 , it is sufficient to see that 



for all w e DVahiX) and e > 0. Replacing X by a suitable birational model, we may 
assume that there is a vertical prime divisor Y on X such that w = a ord r for some 

positive number a. Let X a = a\Ti H 1- a r T r be be the irreducible decomposition of 

the central fiber X Q of X — » Spec(A; ) as a Weil divisor. Renumbering Ti, . . . , T r , we may 
set r = Ti. Let w Ti be the additive valuation over k arising from T;. Note that w = w Yl - 
For a positive number 5, there is N such that 



for all n > N and i = l,...,r. Then {v n \{S£ n ) - 5X a < S£ for n > N. Therefore, as 
S£ n - 5{X n ) + ev* n {j4) is relatively nef and big, by (2), (6.2) and (7) in Proposition A. 1.1, 



Se':=if{Se), U:=S£'r\X' and se' n := n* n {Se n ). 



mulUj^) = mulU^) and mult w (i^) = mult ll ,(if B ) 



mult^fifJ-mult^Cifn)! <a t 5 



+ mult w (if - (y„U&n) + 5X ) 

= ^AlVnU^n ~ 5{X n ) + €V* n {j4))) 

+ mult w (i? - {v n \{S£ n ) + 5X ) 
<[x %w &n-5{X n ) + ev* n (jtf)) 

+ mult w (if - {v n \{S£ n ) + 5X ) 
= mult w (if - {v n U££ n ) + 5X ) 
< |mult w (if ) - mv\t w {££ n )\ + 5m\At w (X ) < 2a x 5 



(••• (6.2)) 
(v (7)) 



(••• (2)) 



for n>N. Thus [i^, w {S£ + e.s4) = because 5 is an arbitrary positive number. 



□ 
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